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1. Jonathan Ho, Ajay Jain, Pieter Abbeel (2020) Denoising diffusion probabilistic models,
Advances in Neural Information Processing Systems 33

2. Jonathan Ho, Tim Salimans (2022) Classifier-Free Diffusion Guidance, arXiv.2207.12598
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Data generation

x ~ p(x)

£ RN PR D
N Y-

Figure 1: Generated samples on CelebA-HQ 256 x 256 (left) and unconditional CIFAR10 (right

x € ]RPixel




Data generation 101

Cumulative distribution \r) S5 )
P@) = [ pa)as =u
2 =P u) | X
w == | Pu)
du = p(z)dx
u ~ Unif(0,1) ‘ \\ \ l

S
u u Pt (u)
o> f p(u)du = / du = / p(x)dr, 0<u<l1
— 00 0 —00
.

Flow-based model (Normalizing flow)

p(x)dx = p(u)du , x=T(u) (full-rank transformation)

p(x) _ p(u) ‘3_: Base distribution pu(u)

= p(u) det J,ITI (u) /?/\

v

consecutive
Flow — Gradually transformed by the sequence o}‘(ransformations Ty,.... Tk
T'=Tk Tk 1---Th

Normalizing — the inverse flow Tf}l e Tll

4 -4 =2 0 2 4 -4 =2 0 2 4

G. Papamakarios et al. JMLR 2021 4




Flow-based model (Normalizing flow)

Learning

Data D = {x;}N, ~ p(x)

Prevent compression fromxtou
dx

Maximum Likelihood det Jp(u;) = _| ,
dulu

Minimize Gaussian /
N

N
L= —logp(x;) ]‘: > —logpu(u;) — logdet Jr 1 (u;)
=1 =1

u; =T (x;)

Likelihood representation with respect to p(u)

The loss is sensitive to the volume change of transformation due to the
determinant of Jacobian.

Deterministic flow:
Reversed flow is “exactly” the backward flow




Variational Autoencoder

L(x) = log p(x|zx) — K L(gx(z)||p(2))
= —||x — %X(2)[|” = KL(N (11, Zx) [IN(0, 1))
\ NN

Neural Networks (Decoder) ~ Neural Networks (Encoder)

Variational Autoencoder

p(X) p(z|x) < Some appropriate gx (Z) : Gaussian
mapping
— N(,UXa Zx)

p(x|z) zo N0, ) z € RP=
- p(x)p(z|x) Ux € RDZ, Y« € RDP=z* D=
p(z)
Reparametrization
from Gx (2) Then
Optimize
Ix — f(=2)|1* |

K L(gx,p(2)) |

https://gotha srooklfn s«
trains—actua|Iy—Iess—crowded—tMey—appear




Diffusion models

- Forward process
Pick up xo ~ p(x), then randomly move

- Reverse process
How does backward process make flow?

2D

Diffusion models

Diffusion of Non-uniform density makes a global flow

| < N
é»/; é_).\n/f_, o —)
¢ Y L Noise
= &=

\’S%\v\’)ﬂx 'G\ oW/

Reverse process in diffusion model reconstructs the backward
global flow.

, ,x':\ %\o\w& fow p(x)

10




Forward-Reverse process

Forward process
p(zler) =1

plza]za) =1

Reverse process
p(zilz1) =1

p(x2|z2) =1

Reverse process

Any process that preserves

1 1

marginal will work. Do not p(z1]z1) = 2 p(x2|z1) = 5
consider joint density over x

and z. 3 1

| p(z2]z2) = 7 pa2l22) = 3

11

Underlying diffusion procedure

Data
p(xr) = N(x7;0,I) X0 ~ q(x0)

Pexa llxt)
Or @ Qg —E
aCeis1) . &

Flgure 2: The directed graphical model considered in this work.

T
q(X1:T|X0) = H Q(Xt|xt—1), q(xt|Xt—1) = N(Xt; V91— Bixi—1, B:I)
t=1

By >0
q(x1.7|%0), q(x¢|x:—1): Gaussians
) . If p(xg) is Gaussian,
Caution) ¢(x¢—1|x;): Not Gaussian q(xtﬂlxt) is Gaussian.

v
aiaxi) = [ gl xo)p(xo)dxo
: Gaussian mixture

A —— 12




Model for reverse process

T
po(xor) = p(xr) [ [ poxecalxe),  pol(xe—|xe) = N (xe15 pag (x2. ), Bo (x4, 1))

t=1

Objective function:

E [~ log po(xo0)] < E, [_ log M]

Q(xl:TIXO)

pO(xt—llxt)]
=E,| —logp(xt) — log————=| =1L
(I[ gp( T) tzzl 2 q(xtlxt—l)

Look at the derivations in the next two pages...

13

Objective function - 1

Po(Xt—1%¢)
b B | loepber) =2 108 )
t=

po(Xe—1x¢) q(x¢-1)
=E,|—logp(xr) — log .
G DL o ey

=E, |- p( xr) Z gPG(xt 1]xt)

B xr) T 2% g e OB I0)

= Dxwi(q(xr) || p(x1)) + Eq | Y Dxrg(xi—1x:) || po(xe—1x)) | + H(x0)

t>1 X

Can we have this density function?

14




Objective function - 2

L=y
By | —losptx) S los G
=E, :— log p(x7) — ; log 1:;(5:];1?)) 1 ie(zjzl))
-, [ ospten) - St e )

PG X¢— 1| t)
q(x¢—1]x¢,%0)

Z log

t>1

— log

(XT|X0)

t>1

logpe(Xc)lxl)]

= E, | D (a(xrlxo) || p(xr)) + Y Drr(a(xe—1%1,%0) || po(xi-1[x¢)) — log po (Xlel)]

] Gerussiams
X o grden
pe(xo|xl)]

q(x1|x0)

Lr L:q Lo (22
o 15
Tractable functions
q(xi—1|x0) 7
q(x¢—1|%X¢,X9) = Gaussians

q(x¢|x0)

16




Decomposition for Gaussian inference

p(Xa,Xb)
-
- 1 exp (_l(xa_ou’a ) ( 2
3 2\ Xp— b Zba
ra—D Z:a, Eab
2 |( b b )

Halp = SapSy ' (Xp — 1p)

1 ‘ _
= Cexp (_E (x“ - Eabzgl(xb - »u'b))T (Ea - Eabzglzba) ! (xa - Eabzb_l(xb - ﬂ'b)]

N

Ec:lFJ = Ea - Eabz‘qjlzba

—% (% — 1) "85 (xp — ,Ub)))

1 —
= Cexp (—i(xa — ttap) " Sap (Xa — falp) = p(xa|x%p) p(xs)
1 _
—E(Xb — o) TSy (xp — Pbb))

17

Decomposition for Gaussian inference

X, € RP«
x=(xa) - p= (") 5— (B Za
Xb xp € R? b 2ba 2b
1
p(x) - D

1 _
\/ﬂ—lzli exp (—E(X - M)TE M(x — ﬂ))

= Cjexp (—%(xa — ﬂaw(xb))TE;,},(xa = ua|b(xb))) :

1
Cs exp (—§(xb — ) TSy (xb — ub))

p(x) = p(Xa,Xp) = p(Xa|xp)P(%s)

18




Gaussian random variable - marginalization

Xp

p(xp) = / P (e, %) d%e
= [ xalxipi)dx,
— N(Mba Eb)

19

Gaussian random variable - marginalization

exp (—%(x — ) 7 (x — #))

20

-10 -




Gaussian random variable - conditioning

p(x) =)= - )

1
= —p5——exp (
Varl ||t

Xa) Xo € RP«
X = D
Xb Xp, € RT®

Halp = Mo + Sapp (X6 — pp)
Zalb = Yq — Ecrlr,t;»zb_lzba

21

-11 -



L =

E, | Dxu(g(xr[x0) || p(x7)) + > Dxr(g(xe—1]x¢, %0) || pa(xe—1/x+)) —log pa(xolx1)

- N

L t>1 Li_s Ly

Given X, everything is Gaussian. (Joint is not.)

_ ¢
or=1— [ Qg = Hs=1 Qs

q(x¢|x0) = N (x5 Vaxo, (1 — az)I)

ﬁq(xt—l X, X0) = N(Xt—l [y (X¢, Xo0), Btl)

///—/7 T

~ Qg — Vor(l —ag = 1 —ay_
fiu (2 30) = 1\/i——;zttx° - tg - d: Vs and = 1 _;tlﬁ’t
23
Learning
- Model
Po(Xe—1]%¢) :N(xt_l;,u,e(xt,t),Zg(xt,t)) Eg(xt,t) _ OEI

- K-L divergence:

I
it = B el o)~ g, +

it (x¢,%X0)

Heo (Xt’ t)
o?1

24

12 -



Conditional mean

Xt(Xo, E) = VaXg + V1 — aze

Lt—l_C //XO
B | =g (e (001 €0, (e x0r€) — VT=576) ) = proxe(x00€). 8|
= By | —= Xt Xp,€), — Xz (Xp,€) — — (X1 € —_ X Xp, €),
o 20? M| Xe(Xp \/Cl’_t (X0 t Mol X (X0
1| 1 B 2
= Exo,e E \/—a_t (Xt(XO,E) — 1—_@6) - ug(xt(xo, 6),t)

Vor(l — oy ~ 1—a;
+ t( — t 1)Xt and )Bt = —t_ 1615
l—at 1—Cl.’t

26

-13 -



ft, must predict ﬁ (xt — \/f_t—a_te) given x;

- Reparameterization

po s t) = it (0, = e = VI = rea(x0) )

— \/1057 (xt — %eg(xt,t))

€y is a function approximator intended to predict € from x;

B7 _ —
Foxo e [QJECEt(l — Q) ||6 ~ €o(Vauxo + V1= ate}t)nz]

27

Procedure

2
Bt lle - eg(v/arxo + VI—are )|

01 2020 (1 — )

- From Xy, generate X, then predict €.

- The distribution of €s(x:,X0) is determined by the
distribution of Xo. “Distribution of € is isotropic
Gaussian (non-informative).”

- Given Xo, the distribution of € should be non-
informative. After marginalization, the expectation is
the global flow of data due to diffusion.

28

-14 -



Algorithm 1 Training

1: repeat

2: x0 ~ q(x0)

3: t~ Uniform({1,...,7})

4: €~ N(0,1I)

5: Take gradient descent step on

Vo ||e — €o(v/arxo + 1/1 — @€, t)||

6: until converged

Xt

29

Algorithm 2 Sampling

XTNN(Oal)
fort =T,...,1do
z~N(0,I)ift > 1,elsez =0

Xp_ 1 = \/%_t (xt — \}%ee(xt,t)) + oz
end for
return xop

AR S

30

-15 -



Adding noise

T EAS L LA A

Figure 6: Unconditional CIFAR10 progressive generation (Xo over time, from left to right). Extended samples
and sample quality metrics over time in the appendix (Figs. 10 and 14).

Results

Figure 7: When conditioned on the same latent, CelebA-HQ 256 x 256 samples share high-level attributes.
Bottom-right quadrants are x;, and other quadrants are samples from pg (xo|x¢).

32

-16 -



Diffused source Source Rec. A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 A=0.7 A=0.8 A=0.9 Rec. Source

Denoised

_______

Pixel-space Source X
nterpolation

Source x, i

Figure 8: Interpolations of CelebA-HQ 256x256 images with 500 timesteps of diffusion.

Source Rec. A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 A=0.7 A=0.8 A=0.9 Rec. Source

1000 steps
875 steps

750 steps

9 ¥ A~
): “.. e v
] |

7

625 steps

= i
Gy

=
333

4l

500 steps

375 steps

G Rt |
15

250 steps

125 steps

0 steps

Figure 9: Coarse-to-fine interpolations that vary the number of diffusion steps prior to latent mixing. .

Classifier-free guidance

Vi, logp(y|x:) = Vi, log p(x:|y) — V, log p(x:)
(ol t,9) — eolxe,)

= ——— | €9(X4, T, y) — €9(Xs,

\/1*70_-% o\ Xt y o\ Xt

éﬂ(xtata y) - Eﬂ(xta t:y) -V 1— Qy wvxt logp(ylxt)
- Gg(xt, t, y) + ’UJ(EQ(Xt, t, y) - Ee(xia t))
— (w + l)eﬂ(xta t y) - weﬂ(xt:t)

34
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Summary

Diffusion and Construction of Global Flow

Inference with Gaussians

Learning in DDPM

-18 -



Link

ColLab -> Open notebook -> Github ->

Enter a GitHub URL or search by organization or user
nohyung

Repository
nohyung/2024 BIML
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