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* Properties of probability models and probability
density models

e Parameter estimation

* Inference

H Uni N ) \1&%! Advanced Application
B = g fanyang university A_’__fg—-—l‘J for Intelligence Systems
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Probabilistic Assumption and Bayes Classification

* Bayes Error

p1(x)

Data space

)

Hanyang University 3 ,—‘_E/,élkrlésl Advanced Application

o for Intelligence Systems

Probabilistic Assumption and Bayes Classification

Data space

D = {Xi; yi}gil ~ Pl(X)a}b(X)

» omi . 4 l&, \1‘&@ Advanced Application
anyang university ;_‘__Cg—-—,‘-) for Intelligence Systems




Generative vs. Discriminative (1/2)

* Generative Learning
> Interested in joint probability

p(x,y) p(x|1)  Px2)

|\ BLEy

_—

p(y) ﬁ(xly) - Apply class

conditional
* Prediction model

» Bayes Rule

h(x) = plylx) =

P(y)p(x|y)

o~
p(x)

n. 'A‘

£ i i p I Advanced Application

*—: Hanyang University > f&A—I—JAS) for Intelligence Systems

Generative vs. Discriminative (2/2)

* Discriminative learning
» “NOT” interested in joint probability

e Conditional probability learning
h(x) = p(y|x)

* Learn prediction function by minimizing the
empirical loss function

h(x) = ine(D, h
(x) = arg min (D, )

V. N. Vapnik (1998) Statistical learning theory, John Wiley & Sons
Also refer to NIPS 2009 workshop -- Generative / Discriminative Interface

o ] } ¥ A Jic' Advanced Application
*-; Hanyang University 6 j&A—!éS) for Intelligence Systems
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Learn Density Function from Data

* Make a model with learning parameters
 Statistically obtain parameter values using ML or MAP

estimation
* |In Gaussian,

— 1 o~
mean = 3 ) ;X = [

covariance = ~ »_.(x; — p)(x; — p)t =X

are the results of ML estimation.

—
.
<1 Advanced Application
&S pp

7 -,‘_EA,J for Intelligence Systems

( Hanyang University

For Two Gaussian Data (1/2)

p1(x) = N(fi1, 1)
Pa(x) ~ N (fiz, Z2)

D&
V2or |52 2 > 1
—_— <
— exp(——x—;u,l 2 X—Ml)
e L(x — i) 7E7 (x — 7in)
N
. . y ¢! Advanced Application
Hanyang University 8 ‘_'l}/—/‘l\&—I—JAS) for Intelligence Systems




For Two Gaussian Data (2/2)

* With a Homoscedastic Assumption

—_

ilzfggz

1 A =~ - e 1 o~ - -~
exp (_i(x — M?)TZ H(x — fi2) + §(X— Ml)TE H(x — Ml)) =1

The problem reduces to
exp(wix —b) =1
w = X7 (i — i)
b=y o — iy X'
— Fisher Discriminant Analysis

P—

Y Jic Advanced Application

Hanyang University 9 ;_/,CéLéSJ for Intelligence Systems

?’

In Terms of the Posterior

P1

P11+ P2
1 1

T 1+ pe/p1 1+ exp(wix —b)

py = 1|x,w,b) =

ply =2[x,w,b) =1 —p(y = 1]x)
~ exp(w!x —b)
14+ exp(wlx — b)

Advanced Application
for Intelligence Systems

o

Hanyang University 10 j_@ﬁj




Logistic Regression

* Starts from the posterior
1

1 + exp(wTx — b)

ply = 1|x,w,b) =

exp(wlx — b)
1 4+ exp(wTx — b)

p(y = 2|x,w,b) =

w, b = arg max Inp(y|X,w,b)
W y

Z I(y, = 1) Inp(y, = 1|x,,, w, b)
" +1(y, = 2) Inp(y, = 2|x,, W, b)

Use gradient ascent =» Local maxima

P—

T, ) T
- . . y I Advanced Application
Hanyang University 11 ;‘M for Intelligence Systems

FDA and Logistic Regression

* Have the same discriminative form (Linear

Classifier)
wix—b=0

* FDA solution: Bayes classifier with class-conditional
model

 Logistic regression: Discriminative adaptation of a
discriminative function

e Question: Are the results the same or not?

» omi . 12 h‘,, \I'Agl Advanced Application
anyang university ;_LC‘—jJ for Intelligence Systems




FDA and Logistic Regression

e Are the results the same or not?

WErpa

D(x|ly = 15141, )

wWrpa = % ([ — H2)

wr = argmax P(y|x; w)
W
Hanyang University

TN & Ad d Applicati
y Q vance pplication
2 Al

for Intelligence Systems

Comparative Study (1/2)

* Generative & Discriminative Pair

* Same number of parameters, same form of h(x)

Risk Logistic regression
upper (discriminative)
bound
Naive Bayes
o generative)
Hybrid? 1

) (log O(D) sample size

S. Lacoste-Julien et al. (2009) The generative and discriminative learning interface, NIPS Workshop

A.Y.Ng & M. |. Jordan (2001) On discriminative vs. generative classifiers: a comparison of
logistic regression and naive Bayes, NIPS

Hanyang University

14 p \Iﬂgl Advanced Application
¥, __Cg——,‘-) for Intelligence Systems
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Comparative Study (2/2)

* Discriminative analog of naive Bayes is logistic regression

* The error G?“?"(sz'sc(X)) converges to eTT(ngSC?OO(X));
and err(fpisc.co(x)) is no worse than linear classitier
picked by naive Bayes.

« With O(log D) samples, the parameters of JGen are
close to those of fGen oc Uniformly.

* The parameter convergence implies err( fgen (X))

approaches err( fGen.oo(X)) .

P—
]

] - y (I Advanced Application
Hanyang University 15 ;‘M for Intelligence Systems

LA® oF ADVANCED
APPLICATION FOR
INTELLIGENCE SYSTEMS

; oni , 16 J \I'Agl Advanced Application
anyang university ;__Cq—,‘J for Intelligence Systems
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Keywords
* Probability / Probability density

* Conditional probability (density)
p(x2lx1)  P(y[x)
x; € RP1 x, e RP2 x e RP y € {1,2}
* Marginal probability (density)

* Joint probability (density)
* Inference and classification

P—

] - I Advanced Application
Hanyang University 17 _LCL&SJ for Intelligence Systems

-.—,-:-

Probability
P(X): X —[0,1]

. Mapping from a random variable to a number

X(Event 1) =1 \X(EE et 2) X(Ev _
Y(Err?nf 3) = '5/

_{123 ..,N}

] - I Advanced Application
Hanyang University 18 &/4\ IAS for Intelligence Systems
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Probability

X:random variable X : set of outputs of random variables

P(Xl)EP(XEXl)
P(X1UX3) = P(X1) + P(X2) — P(X1NX>y)

X, ={1,2,3,4}, X, = {3,4,5)
P(1,2,3,4,5) = P(1,2,3,4) + P(3,4,5) — P(3,4)

P(X1UXs)=P(X )+ P(X2) " XiNXy=2¢

—
S g .-
- . . p I Advanced Application
G Hanyang University 19 ;MS) for Intelligence Systems

Probability and Probability Density

p(x) €P /Dp(x)dx =1 p(x)>0

P(xeR)= / p(x)dx

R

Probability=/ p(x)dx
R

¢! Advanced Application
or Intelligence Systems

—
A
= >

Hanyang University 20

-10 -



Probability and Probability Density

PxeRiUXERy) = / p(x)dx
JRL1URS

= P(R1) + P(R2) — P(R1 NR2)

Event is defined infinitesimally:
R: set of infinitesimal events

Advanced Application

e
] } P N
Hanyang University 21 ;&@S) for Intelligence Systems

Can you explain the meaning of
these functions?

P(X =1)

P(X = 1|V = 2)

p(x =1) Compare with P(z = 1)?
plz =1y =2)
AT q_ i i
) Hanyang University 22 AL fencedropiconon

-11 -



Bayes Optimal Classifier

e Our ultimate goal is not a zero error.

p1(x)

P Y

(Optimal) Bayes error

R* = %/min[pl(x),pg(x)]dx

P—

—

23

Advanced Application
for Intelligence Systems

Model on Each Class 0
Pe(x), c € {1,2}

boundary ¢

P1(xp) = Pa(xp) ='yp =
p1(xp) < P2(xp) — yp =2

* Model: Assumptions on the Class-conditional density

Advanced Application
for Intelligence Systems

-12 -




Model on Discriminative Function

& O

% % z m = .
m B [ |

® xxx ...- ..

xx XK  xm =

x % % x|
x RP
0
___>W

* Model: Assumptions on the boundary and optimize the boun
dary directly from data

—
: _ Al TKe Advanced Application
Hanyang University 25 25 fh/il—é& for Intelligence Systems

e Discriminative model

P(Y]x)

Linear discriminant models (logistic
regression, ...)

* Generative model
P(x]Y)

Gaussian models,

Fisher Discriminant Analysis
Naive-Bayes models,
Graphical models,

m y Advanced Application

‘_“I__CLI_éS' for Intelligence Systems

o Hanyang University 26

-13 -




Optimal Regression

* Minimizing mean square error
y(x) =Efylx) = [ v plubody

Minimize

p(ylx = x,) E[L] = / {y(x) — y}zp(x, y)dxdy

E[L] = /{y(X) —E[y\X]}Qp(XJdX+f {Elylx] — y}* p(x, y)dxdy
- Minimized when y(x) = E [y|x]

P—
]

Hanyang University 27 27 -Jl}flL—éS‘

Advanced Application
for Intelligence Systems

Model for Regression

* Obtain regression function from data y(x;D) € H

N
D= {Xizl Yigi=1 ™~ p(xa y) Yy )
* Choose a model H where the ./ yxD)
. . . e e . ® .00
following expectation is minimized: 0N e
function with minimum [, 0)‘* ”.
2 Lo 0 T
Ep | {y(x; D) — Ely|x]}’]
T

* Minimized for y(x;D) = E [y|x]

* Bias-Variance tradeoff
{y(x; D) — E[y|x]}* = {y(x; D) — Eply(x; D)] + Ep[y(x; D)] — E[y|x]}*

Ep [{y(X; D) — IE?['yl><]}r2]

/,Variance » Bias”2
=Ep [{y(X; D) — Ep[y(x; D)]}Q] + {Ep[y(x; D)] — E[y|x]}”
AT, q_ - -
Hanyang University 28 rﬁ@' pebvanced Application

-14 -



Several Rules

> P(X=X;)=1

X €all disjoint set

> PX=X,|Z=2;)=1

X;€all disjoint set

>y PX=X;|Z=2;)="

Z_;;\Eall disjoint set

Jic Advanced Application

P—
Hanyang University 29 !l}/;ﬂé& for Intelligence Systems

For More Than Two Random Variables

* For three disjoint sets X, X5, X3 for a random
variable X and another three disjoint sets Y7, Y5, Y3

for a random variable Y:

.;( ' kg
P(X e{X1,X2},YeX:
y‘xl Xy | Xp A XXy en
L M G M M S ’l/———‘_N_\

Y, fp(xl,yl) PO, Y| POX Y0y oMy

Y2 P(X1,Y2)| P(X2,Ys)| P(X3,Ys) P(Y3)
Y3 [P(X1.Ys)| P(X2,Ys)| P(Xs5,Y3)  P(Y3)
P(X1) | P(X2) | P(X3) 1
© YT — 50 SIS s,

-15 -



Conditional Probability
X
Y X1 X9 X3
Ff - - """ - - - -7 -=-=== \
Y1 [POGY)| PG ) PO V) P(Y)
YQ P(X1,Y2)| P(Xa,Ys)| P(X3,Ys) P(Y3)
YS P(X1,Y3)| P(X2,Ys)| P(X3,Y3) P(Y3)
P(X1) | P(X2) | P(X3) 1
- . - P(Xl-yvl)
P(X =X,Y =Y1) P(X1,Y1) + P(X2,Y1) + P(X3, Y1)
. P(Xla Yl)
P(Y;) .
31 AL fncedsopiconon

Conditional Probability Density

p(x,z) x € RPx z ¢ RP=
p(x,z = c)
9 == =
PxlE =) = T a = o)dx

;‘ New domain

() Hanyang University 32

Advanced Application
for Intelligence Systems

-16 -




Conditional Probability Density

sum

3:=
p(z) = / Aok
q_ - - -
34 AL fencedropiconon




Marginal Probability Density and Conditional Probability
Density in Machine Learning

[

Y Joint PDF

\ L T T
Conditional PDF Conditional PDF
Hanyang University 35 AL fncedsopiconon

Marginal Probability Density and Conditional Probability
Density in Machine Learning

A
Z

Joint PDF

z,Y,z € R

] - Y ¢! Advanced Application
Hanyang University 36 : __CLI—éS) for Intelligence Systems

2
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Benefits of Using High Dimensionalities
* Feature 1 and Feature 2 have correlation
Feature 1
(@) Hanyang University 37 @é&' pvanced Application

Curse of Dimensionality

* To achieve the same density as N = 100 for 1-variable
* We need N = 100° for D variables

R NRRRRNRRR RN

IR R R AR AR
*- """"""""""' »
» »

0NN NN NN NN W

LN A K K K N K KN X R
"'*"'"""""

S Y
_ ewwwwwwwwwww L 0 o Y

R IR AR KK KKK KK K AR
v "."""""""""' " hd
(I A B ) R AR AR KK R KA

R A s e
[ A X EZ X ERERE R R X
y@svvvv'v'v'

e Conversely, when we have 60,000 data for 10-
dimensional space, the density is the same as 3 data in
1-dimensional space.

J “I Advanced Application

X, §
Hanyang University 38 ‘_‘}_cLI_éS) for Intelligence Systems

.

-19 -



Gaussian Density Function

e

AT Bl T

- . . y I Advanced Application
Hanyang University 39 ,l}SLJéSJ for Intelligence Systems

Gaussian Random Variable

1 1 Ty—1
p(x) = ~oxp (—3(x— TR x— )
NordhiE: 2
T
X = e RP
D Principal axes are the eigenvector directions of ¥,

A1, \o: €igenvalues

C

1
p(x) = p(p) exp (—5)
ST ] ] ¢! Advanced Application
Hanyang University 40 ;‘MS) for Intelligence Systems

- 20 -



Gaussian Random Variable - Projection

1 1 -
” — —(x — Sl x —
P = ——p e (-3x-wTE =)
Projection to any direction is Gaussian.
N (e, X)
Wo=w'p

Y —w! Sw

Advanced Application

SR . . Y I
Hanyang University 41 r‘}/;ﬂésJ for Intelligence Systems

.

Gaussian Random Variable — Marginal

p(x) = 5= - )

=mmr e
— exp
o |33

x — (Xa) Xa € RD“ — (ﬂ'a) > — Za, Ea,b
Xb Xp € RPe Hb Xba 2p

p(xa) = /})(XQ,XE;)(£X[]
. N(}.La, Ea)

¢! Advanced Application

<
Hanyang University 42 f% for Intelligence Systems

-21-



Gaussian Random Variable — Conditional

! ! Ts—1
p(x) = coxp (—30x— TR = )
Norsdhsit: 2
X:(Xa) x, € RPa
* xp, € RP?

p(xﬂ-‘xb) . N(ﬂ'a“}a Ea“))

' { Halb = Ha + Zabzb_l(xb — U/b)
Z“a,|b =4 — Zabzb_lzba

P—
]

.

Hanyang University 43 43 ‘}lel_l_és} Advanced Application

o for Intelligence Systems

Gaussian Parameter Estimation and
Inference - Simple Example

« x € R” and v € R are jointly Gaussian.
* Using D = {x;,y,;}Y ,, estimate

My . 2y 2yxa 2iyxa
H = {-{Xu. and 3= gxa'y Azxa ijaxl'}
Hxy, sz'y szx Ex;
where

(%)
X =

Xp .

* For a new datum x with missing xu,

P(yI%a) = N By + Sy, S (%0 — o),

/“\_1 -
2y — Lyx, ix, 2xay

Advanced Application

ATy, . . QU
Hanyang University 44 ;‘% for Intelligence Systems

- 22 -



Parameter Estimation

P—

AT ] T
X ] . Y I Advanced Application
Hanyang University 45 fh/il—é& for Intelligence Systems

Motivation — Parameter Estimation

* Parameter estimation is an optimization problem

ﬁ(X): estimated probability density function,
in other words, density function that fits data the most

» omi . 16 h" \I'Agl Advanced Application
anyang university ;‘__Cq—,‘J for Intelligence Systems

-23-




Maximum Likelihood Estimation

e Parameter estimation is an optimization problem

p(x) = p(x|1t, ¥)
A, S = arg maxp(x|u, ¥)
oy 2
Hanyang University a7 .,‘l}sil—ég fﬁi::ﬁfg:fcpengig&s

Maximum Likelihood for Gaussian

p(x = ! X —lx— Ty x —
Pl ) \/ﬂpm%ep( S =TS = )

* With optimal parameters satisfying

N
A,E:ar max p(X|u,X) = arg max xX; |, 2
fi g max p(X|u, ¥) = arg maz £[1p( |1, )
A 5= L S~ B = )T
H:N;Xi _Nézlxz 1) (x; —

Empirical mean and empirical
covariance are the maximum likelihood

solutions.

i, 2
%

48 k y \Iﬂgl Advanced Application
=-‘-l——c§—)') for Intelligence Systems

o Hanyang University

- 24 -



Maximum Likelihood for Gaussian

1
\/QWD|2|%

p(aelp, ) = exp (—50c— )= (x - )

[Vglnp()ﬂ@):ﬁ o ]

N

Olnp(X|u,X) S .

— 0 =) U= —sz
3[«6 N i=1

N
dInp(X|pu,>) G- ~ T
55 = () == E_F;(Xi_u)(){i_”)
1=
Hanyang University 49 .;‘h‘;i-ég foﬁxﬁ%ﬁfcpjg??t?ns

Covariance Estimation
£=+ > e = )i =)

* In high-dimensional space

)\
)\

(D + 1)D/2 number of parameters for covariances

; Oni , 50 A\ I;A@ Advanced Application
anyang university j__cq—,‘J for Intelligence Systems

o

- 25 -




Maximum A Posteriori (MAP) Estimation

* MAP estimation

0" = arg mgxp(9|X) ) 0* = arg mgxp(XW)

* Likelihood (Model): p(x|0)

* Prior: p(0)
* Bayes rule:
p(x|0)p(6
ool — POR(O)
p(x)
Hanyang University 51 h&4\7&8' ondr\ﬁ::ﬁ:jgeA:cpehgizgr]ns

Maximum A Posteriori (MAP) Estimation for Gaussian

1 1 i
p(J,’“JJ) = \/ﬁexp _F(:B _AU‘)
N

i = argmax p(p| X} = argmax 1 p(ulzi)
=1

* Let the prior
1 1
p(p) = N(po,05) = Jama? P (—ﬂ(ﬂ — uo)z)

* The posterior can be calculated using

p(lX) o< p(X|p)p H'p(nlu)p(u) ~ N (pn, 02)
(@) Hanyang University 52 52 3@ pebvanced Application

- 26 -



Maximum A Posteriori (MAP) Estimation for Gaussian

ﬁ (zi|p)p Ll—{ Wexp (2}?(:5,,; )u)2)]
ﬁ exp (_%(u _ uo)g)

o< exp(— 55 (1 = 1)) _

Hanyang University 53 h‘A‘YﬂS‘ Advanced Application

for Intelligence Systems

Maximum A Posteriori (MAP) Estimation for Gaussian
e Posterior density

« o (-5 (i[5 5] - [T 1))

= NinmeL
 Caution: Posterior of [, not the density function of &’

* MAPof &t = Meanofl = LUn

Na% . n o2
No? +JQMML No? +02M0

Hn =

e Hanyang University 54 h‘ \IASI Advanced Application

for Intelligence Systems

=27 -



MLE vs. MAP

* For Gaussian
* When N is just a few (say N = 5),

of =5,0° =3

25 i 3
= ——UMIL - =~ . o M0
Hn =55+ 3" 5-5+3"

Dominant
-3

Op = = 0.4

25+ 3
Hanyang University 55 j@g ?oiﬁi::ﬁ%::cp;igxgns

MLE vs. MAP

* For Gaussian
e When we have a few outliers

o =5,0° =100

B 25 . N 100
Hn = 5 5+ 100"™ME T 5.5 100"
Dominant (learn from ) 140
5100 |
O,y = —
25 + 100
Hanyang University 56 j@‘ ?odr\ﬁ::ﬁidgg:cpe!igizitgws
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MLE vs. MAP

;:l, /J:/o ;;MAP MML

A_‘
Advanced Application

- . . Y !
Hanyang University 57 ,M for Intelligence Systems

Bayesian Integration

* The final standard method of prediction is to use
Bayesian inference instead of estimating the
parameter point.

* Do not insert the point estimate ﬁMAp directly, but
marginalize.

p(z|X) = /p(SEIu)p(/-LIX)d#

' 1 1 1 1 5
= / N exp (—@(T - ;1)2) =—> exp (— 50 (u — p:,,,,)z) dp
n L

. L
= exp —_——\r — L
V271 (02 + 02) : 2(0? + 03 /

2 2
— N(,una o” + Jn)] Uncertainty of [
V

q_

y Advanced Application

ATy, . . QU
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Conjugate Priors

e Given a likelihood pdf, p(xz|@) posterior p(€|x)
has the same form as the prior p(6).

Likelihood p(fc|9)
Prior p(@) » Posterior p(9|5€)

\ Two distributions /

Have the same form

—
@) Hanyang University 59 WAL povenceaserionen
Gaussian (;LL)
Gaussian » Gaussian (]1,)
Multinomial
Dirichlet » Dirichlet
Binomial
Beta » Beta
Poisson
Gamma » Gamma
2
Gaussian (O 1
Gamma () — i\ (o) » Gamma ()\ — —)
a2’ o2
Hanyang University 60 AL e ot
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Kullback-Leibler Divergence

Pe: Empirical density function

Pe
KL(perg) - /pe log p—dX Po: Model density function
e

. _/[pe 10%299 — Pe logpe} dx

Pe = % Eil 5(X - X?L)

N
1
arg min K L(pe||pg) = arg min —/ o E d(x—x;) log pg(x) dx
Po Po N —

N
1
= argmax — E log pa (%)
po N 4
=1
N
— argmax log Hpg (x;) = argmax p(D|0)
Po : Po
1=1
T, g .
Hanyang University 61 AL et e

Kullback-Leibler Divergence

po, = p(x|61)

X3 X1 X4 Xo X5 \ Do, = p(X|92)
KL Divergence: KL(perel) < KL(pe||p92)
Likelihood: p(D|6,) > p(D|6-)
Xy, q_ icati
Hanyang University 62 AL fencedropiconon
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Kullback-Leibler Divergence

po, = p(x[01)
N=5 m
1 al — 9)
Pe(X) = EZ:(S(X—XI-] / po, = p(x|02

G

i=1

X3 X1 Xy X2 X5 \

Pos = p(x[03)

03 = arg max p(D|6)

Model with complex function will capture the noise.

P—
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Thank you
Yung-Kyun Noh
nohyung@hanyang.ac.kr
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