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Design of Distributed Root Protograph
LDPC Codes for Block Fading
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ABSTRACT

In this letter, we propose a distributed root proto-
graph (DRP) design for block fading (BF) channels
that starts from the conventional RP structure to sup-
port a higher code rate of 1/(L — 1). Although the
proposed codes do not achieve full diversity, they at-
tain the maximum diversity for given code rate and
show a slope of frame error rate (FER) approaching

the channel outage probability.
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I. Introduction

Low-Density Parity-Check (LDPC)™M codes are
well known for approaching shannon capacity under
iterative belief propagation (BP) decoding and per-
forming well on additive white Gaussian noise
(AWGN) channels. However, their performance sig-
nificantly degrades in the block fading (BF)™® chan-
nels where the channel remains constant within each
data block.

Research on LDPC codes over BF channels™ in-
cludes the following. Root LDPC codes™ were first
introduced to achieve full diversity over BF channels

via rootchecks. Root protograph (RP) LDPC codes™
improved encoding efficiency using protograph struc-
tures, and rate-compatible RP (RCRP) codes!® ex-
tended to lower code rates than 1/L through matrix
extension. However, these codes have a fixed code
rate of 1/L and have only been extended to lower code
rates to satisfy the Singleton bound for full diversity.
Subsequent works explored high-rate LDPC codes
such as generalized RP (GRP) or resolvable block
design (RBD)™!.

Thus, we also focus on the code rate and propose
an RP-based protograph with a higher rate of 1/(L —
1). It achieves the maximum diversity for the given
code rate and outperforms random LDPC codes due
to its root-based structure. Finally, Monte Carlo simu-
lations show a slope of frame error rate (FER) ap-
proaching the channel outage probability.

II. Preliminaries

In BF channel with L blocks, a codeword of length
N is divided into L equal-length blocks, each of length
T = N /L, and each block is affected by an in-
dependent fading coefficient. When symbol z; is

transmitted, the received symbol y; is given as
Y = i+ ng, M

where [ = [j/T1, x; € #1 is a binary phase shift
keying (BPSK) modulated symbol, and n; ~ N (0,
0721) is AWGN. The fading coefficient oy follows an
iid. Rayleigh distribution with E[of] =1,

Since BF channel characteristics vary over time,
the theoretical channel capacity is zero. Hence, the

outage probability is used as a performance metric,
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defined as the probability that the instantaneous mu-
tual information (MI) [ (7) is less than the data trans-
mission rate R, where 7 denotes the signal-to-noise
ratio (SNR).

P,+(7)=Pr(I(7) < R) 2

This probability depends on the fading conditions and
represents the fundamental limit for the FER of a par-
ticular coding scheme.

The diversity order refers to the maximum number
of failed paths through which information can still be
successfully transmitted and corresponds to the slope
of the FER curve at high SNR on a log-log scale,
where Pr is FER.

log P
d=— lim 2&°F 3)
=00 10g’7
It is theoretically upper bounded by the Singleton
bound.

d<1+|L(1—R)| 4)

In BF channel with L blocks, a full diversity code
has diversity order of L and is achievable only when
R < 1/L from (4). If R > 1/L, full diversity cannot
be achieved, and the highest possible diversity order

at that rate is called the maximum diversity.
. Proposed method

3.1 RP LDPC codes

RP™ LDPC code is an extension of root proto-
graph with rootchecks, which achieves full diversity
over BF channel with L blocks and has a code rate
of R = 1/L. A rootcheck is a special check node that
connects to exactly one information node in a specific
block, while all its remaining edges connect to nodes
in another block. The variable node set of RP is de-
fined as V="V, UV,U UV where each V; corre-
sponds to the VN set of [-th block and consists of

one information node Vi and L — 1 parity nodes Yip,
ie, Vi={u}V {UEZ) |s=1,....L =1} Similarly,
the check node set is defined as € = C; UC, U
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U €, where each C; contains L — 1 rootcheck nodes
connected to U, given by G =
{e1s18=1,2,...,L, s#1} . For example, the base

matrix of regular RP for L =23 is shown as (5).

U1iV1pV1p V2iV2pV2p V3iU3pVU3p
0 0 0Ye¢po
1

2 2|eg

Bis= [1 2210 0[00 0fey 5)
0001 00[1 2 2]cy
12 2[00 0[1 0 0ey

Even if V1, V5 all deep fade, the information remains
recoverable via the rootchecks in Cj.

3.2 DRP LDPC codes

We propose a design method for distributed RP
(DRP) structures with a higher code rate of R = 1/(L
— 1), starting from the regular RP structure with a
code rate of R = 1/L. This method is illustrated using
the example of Bys, but it can also be applied to other
regular RP such as By Also we begin with the regular
RP for simplicity, the same approach can be extended
to irregular RPs that include rootchecks.

RCRP! structure was designed with a lower code
rate than 1/L by expanding the regular RP through
the addition of L variable nodes (columns) and L
check nodes (rows). Inspired by this approach, we
propose an inverse method to construct RPs with high-
er code rates than 1/L:

1. Remove L columns and L rows from the regular
RP structure.

2. Add a new distributed rootcheck connection.

3. Treat the parity nodes as free variables and search
by modified PEXIT.

Specifically, for each [ = 1, ... , L, one parity node
Up is removed from V; , and one rootcheck node €is
is removed from €;, where s = (! — 2 + L) mod L)
+ 1. With this construction, the information nodes V1:
keep unchanged, and the associated rootcheck nodes
are uniformly removed, preserving the structural regu-
larity of the graph.

Because the rootchecks connected to Vii and

V((l—2+L) mod L)+1 are removed - that is, the rootch-
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Fig. 1. Proposed design method of DRP.

ecks such as €5 where s = ({ — 2 + L) mod L) +
1 - the removed RP (RRP) structure in Fig. 1 allows
recovery only when no more than L — 2 blocks under-
go deep fading. Thus, the RRP can achieve maximum
diversity of L — 1, which is consistent with the
Singleton bound. Although the RRP still achieves the
maximum diversity of L — 1 for that given code rate,
we further introduce a new distributed rootcheck con-
nection to enhance the coding gain. For each [ = 1,
..., L, the distributed rootcheck refers to the addi-
tional  connection of variable nodes in
V((172+L) mod L)+1 to the existing rootcheck node ¢is,
where s = (I + 1) mod L. This compensates for the
removed rootcheck Cis, where s = ([ — 2 + L) mod
L) + 1, while preserving the maximum diversity.
The specific connections of DRP are determined
by treating the parity nodes, excluding the information
nodes, as free variables %ij and applying the modified
PEXIT™ method to search for an optimized proto-
graph structure. Although all combinations of the free

variables lij can be searched, it is computationally
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intensive. To simplify the process, we define the tij
values in each C; by cyclically shifting those in C1.

Using a restricted range tij € {0, 1, 2}, the pro-
posed DRP structures Bprps and Bprp s are con-

structed as follows.

1 0|1 21
Bopprs=|1 1[1 0|1 2
1 21 11
1 00/1 1 1lo000]1 00
1 00[000[1 2 1/000
100[/100[1 11000
- oo oj1to0oo0j0oo0o0l1 21
DRELA™ 17 2 100 0 0|1 0 0|0 0 O
000[100[100[1 11
11 1/000[100[1 00
00 0[12 1|0 00100

IV. Simulation Results

The decoding performance is evaluated in terms of
frame error rate (FER), which is defined as the prob-
ability that a transmitted codeword is decoded incor-
rectly. This section compares the FER performance
of the proposed DRP LDPC codes over BF channels
with L = 3, 4 against random and RRP LDPC codes.
Random LDPC codes use all-one base matrices of size
3 x 6,4 x 6. RRP codes are obtained by removing
L rows and columns from the regular RP structure.
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Fig. 2. FER performance over BF channels with (a) L = 3 and (b) L = 4, comparing DRP, random and RRP LDPC codes

(R =1L — D).
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For L = 3, GRP3" with R = 1/2 is also compared.

Fig. 2 demonstrates that the proposed DRP LDPC
codes outperform random LDPC codes in both coding
gain and diversity. While GRP code performs best for
L = 3, it is limited to rates that achieve only diversity
order 2. The DRP, with distributed rootcheck connec-
tions, achieves better coding gain than the RRP at the
same rate and reaches the maximum diversity of L
— 1. Furthermore, Fig. 3 shows that the proposed DRP
exhibits a smaller gap to the outage probability com-
pared to the regular RP. This is attributed to the in-
creased design flexibility achieved by allowing degree
irregularity, which leads to improved coding gain. As
illustrated in the graph, the DRP demonstrates a small-
er gap not only compared to the regRP with the same
number of blocks but also to the regRP with the same

code rate.
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Fig. 3. FER gap to outage probability for DRP and
regular RP LDPC codes.

Table 1. Code parameters of LDPC codes.

R z N

1/3 240 2160
1/4 150 2400

1/2 320 1920
1/3 180 2160

12 160 | 1920

Code Type

regRP

random, RRP, DRP

wW|hs w|s W~

GRP3

V. Conclusion
We proposed a DRP LDPC code that improves er-

ror performance over BF channels by starting from

RP structures. The design achieves near-outage-limit
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FER while maintaining maximum diversity for its rate
through distributed rootcheck connections. Simula-
tion results show its advantage over existing proto-
graph ldpc codes in both coding gain and diversity

order.
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