J Inf Process Syst, Vol.14, No.5, pp.1068~1074, October 2018 ISSN 1976-913X (Print)
https://doi.org/10.3745/JIPS.04.0094 ISSN 2092-805X (Electronic)

JOURNAL OF INFORMATION PROCESSING SYSTEMSJ I PS

The Three-Dimensional Partial Differential Equation with
Constant Coefficients of Time-Delay of Alternating
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Abstract

In this paper, we consider the delay partial differential equation of three dimensions with constant
coefficients. We established the alternating direction difference scheme by the standard finite difference
method, gave the order of convergence of the format and the expression of the difference scheme truncation
errors.
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1. Introduction

The delay partial differential equations are often encountered in the study of heat conduction, gas
diffusion and power engineering. The existence of time delay brings great difficulties to the research
and numerical solution of delay equations. If the delay term has a little effect on the system, we often
ignore delay term, and replace ordinary (partial) differential equation with the time-delay ordinary
(partial) differential [1]. And then, we can solve the problem by establishing Euler scheme, Richardson
scheme, and Crank-Nicolson scheme, etc. [2]. Sometimes, a small time-delay, like launch satellite,
spacecraft control, missile guidance, can have a great impact on the system, and even 1%-second time
delay [3]. From this, the delay must not be neglected.

In general, the exact solution of time-delay differential equation is difficult to project. In practical
applications, the numerical methods are often used to obtain approximate solutions. Therefore, the
numerical analysis of the time-delay differential equation is especially important. It has become an
important part of the field of computational mathematics. Among the many numerical methods, finite
difference method has been widely used for simple structure and easy processing. At present, the
traditional finite difference method for the partial differential equations of time delay is primarily used
[4-6]. In 1955, Peaceman and Rachford [7] first introduced the alternating direction method which is
called P — R format. The alternating direction method can transform the high-dimensional problem into

a series of one-dimensional problems to solve, and reduce the computational workload. This format is
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unconditional stability, and has second order accuracy. And then the Douglas’ format [8] came into
being, this scheme has a second order truncation error and is suitable for three dimensional cases. A
compact alternating direction format is established for the initial boundary value problem of two-
dimensional constant coefficient parabolic equations by Sun and Li [9], the solvability, stability and
convergence are studied. This format can also be applied to time-delay equations.

In 1998, Lu [10] proposed the monotone iterative schemes for finite-difference solutions of reaction-
diffusion systems with time delays. They derived two modified iterative schemes by combing the
method of upper-lower solutions and the Jacobi method or the Gauss-Seidel method, and discussed the

convergence and stability of the monotone iterative schemes.

u, —DAu = f(x,t,u,u(x,t—7)), (x,t)eQx(0,T]

>

a(x,u, + B(x,u = h(x,t), (x,t) € 0Qx(0,T]

>

u(x,t)y =u,(x,t), (x,t)eQx[-7,0], QcR". (1)

where T, 7 are positive constants with 7> 7> 0. Q is a bounded domain in R”. We assume that
D= D(x,t)>0 and h(x,t), u,(x,t)are both Holder continuous. The function f(x,t,u,n)is a C'-
function of u, 77and is monotone in 7.

In 2002, Jiang et al. [11] gave the classical format and obtained the convergence for the initial

boundary value problem of neutral parabolic equation with time delay, where 7 is a positive constant.

u,(x,t)=bu,(x,t—7)=u_(x,t)+ f(x,1), (x,£) € (0,L)x(0,T],
M(X,Z):¢(X,t), (X,I)E(O,L)X[—T,O] 5

u(0,t)=u(L,t) =0, te[-7,T] . )
In 2011, Liu et al. [12] used the Wavelet collocation method to obtain higher numerical accuracy for

initial value problems of the following equation with time delay, wherez > 0,7 = max{r } -

max

() =ay(D)+ L byt =)+ f(). 1€[0.1],

y(0) =y (), € [-Tps O, “

Until now, there is no research about the three-dimensional partial differential equation of time-delay
with constant coefficients; nevertheless, this kind of equation is widely used in mathematical model.
Accordingly, it is obvious to solve the numerical scheme of the equation. In this paper, we consider the

following problems:

ut_auxx _buW_cuzzzuf(xayat9u1)5 (x’y9z5t)€Q><(O’T]’ (4)
u(x,,2,0)=p(x,,2) , (x,y,2) € Q, (5)
u(x,y,z)=¢(x,y,z) , (x,»,2) € 0Q , 0<t<T, (6)
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where Q = (0,1)x(0,1), 6Q is Q border, O =[0,1]x[0,1], a,b,c, T,7 are the set of real numbers, f >0

and ¢, ¢ are the given smooth function, u, =u(x, y,z,t—7)is delay term.

2. Notations and Lemmas

Let m,n, p be the positive integers, N=T/n, t=pN, the time domain [0,7]is covered by
Q, ={t, =kAt|0<k <n}.For a positive integer m, let h=1/m be the step length of spatial
approximation, and

x,=ih, 0<i<m, y, =jh, 0<j<m, z;=1lh, 0<I<m,Q, ={(x,,y,,2)[0<i,j,l<m}.
y ={(0,0),(m,))| 0 <1 <m}pU{(0, /),(m, )| 0< j <mpU{(,0),G,m) [1<i<m—1},

1 k+1/2
tk+1/2=5(tk+tk+l) f+ = (%Y 25 00,u,) -

For any grid functionv= {v;‘., |0<i,j,l<m,0<k<n} is defined onQ, xQ,, , considering the

following notations:

k+|/2 k+1 k+l/2 _ k+1 k
vljl (Vyl Vyl ’5t ijl (Vl]l - g‘il)’
6 k _ l k ok 6 k _
Viv2, 0 = (Vf+1,j,1 Vij]) > OViivag = h( (N y1)
o = (v" Ve, Ovh = (5 v AN ),
zVij+1/2 T A y/ X yl xVi+1/2,4,1 i-1/2,j,17°

5‘2 II;I = (5‘ i, 112, 5)»":/71/2,1) 522 11;1 = (5zvz‘k,j,1+]/2_5vz = 1) -
3. Construction and Error of the Difference Scheme

Suppose U = { U,|0<11,l<m 0<k<n},whereU

i =u(x,¥,,2,4), 0<i, j,l<m, 0<k<n

Consider equation (4) at the point(x,, y,,2,,,.,,,) » we obtain

ut(xnyj’zl’tkﬂ/z) _auxx(xi’yj’zﬂtkﬂ/z) _buyy(xﬂyj’zl’tkH/Z) —cu_, (xnyj’zl’tkﬂ/z)

=u(x, vzt ) f s 154, j,2<m=1, 0<k<n-1. (7)

Using the Taylor expansion, we can get the truncation errors,

k+1/ 1 +
ut(xiayjazl’tkn/z) =o,U, e uxx(xi’yj’zl’tkﬂ/Z)=5(52Uk +8UE,

ijl ijl il
+ 1 +
uyy(xi’yj’ k+1/2) - (52 1/1 52Uk l) uzz(xi’yj’zlﬁtkH/Z) =5(5 Uk +52Uk l) . (8)

il il il

Substituting them into equation (7), we obtain
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6Uk+l/2 52Uk+]/2 —bng%H/z _C52Uk+1/2 —Uk+l/2fl;,l;+1/2, ISZ’],Z < m—l, ng < }’l—l )

il x il il Y iil
Then
ab bc
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’ ’ ’ 4
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1(+1/2
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Tk Tkl Z Tkl
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(3 E ) b (0, B W 2850
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4 vz i 4 x "z ij 4 i (10)
Consider (5) and (6), then
UI.(;, =¢(x,,¥,,2), 1<i, j,l <m—1, (11)
U, =o(x,y,,2,4), (i, j,D) ey, 0<k<n (12)

Omitting to local truncation error R;,”/z in (9)-(12), and let u;‘.l indicate U;I , then

ab b
k+1/2 2 k+1/2 2 k+1/2 2 k+1/2 2 o2 o2 k 1/2 k+1/2
Su"? —ad’u" —bou"" —cotu +—1 58S u” 555t N

t il x il v il z il 4 x y Tty 4 x//
p abe 5 k112 k2 k)2 ..
4 1'5551 g~ T00 0w, =uy, f T 1<i, j,l<m=1,0<k<n-1. (13)
u, =¢(x,,y,,2), 1<i, j,l <m—1. (14)
u;,:a(xi,yj,z,,tk), (i,j,Dey, 0<k<n (15)

In fact, the difference scheme (13)-(15) is alternating direction implicit difference scheme of Eq. (1).

4. Numerical Experiment

In this section, we present a numerical example using difference scheme (13)-(15) to verify the
theoretical results that is obtained, particularly, on the numerical accuracy and efficiency of the
difference scheme.

We give the numerical experiment whose the exact solution of the problem is known. Leta=b=1,
=1 f(x,y,z,t,u,)=e"""ul =2 —(sinx+sin y+sinz)’. Consider u, =u, +u , +u_ +uf.

The problem has the exact solution
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u = e ' (sin x +sin y +sin z).
The initial condition and boundary values are
o(x,y,z,t)=e ' (sinx +sin y +sin z), @(x,y,z,t)=e "' (sinx +sin y +sin z)

We consider the difference scheme (13)-(15). Tables 1 and 2 are numerical solutions and the exact
solutions of equation, when 7#=1/100, 7=1and #=1/200, 7 =1 with absolute error, respectively.

From above we can see that whenr certain step length is smaller, the absolute error becomes
correspondingly smaller. The alternating direction method has the very good feasibility and a certain

accuracy.

Table 1. The numerical solution and absolute error at the part of the node when h =1/100, =1

(%, 2, t) Numerical solution Exact solution |u (x;, V2ot )—u" e
(1.0,1.0,1.0,1) 0.12567424 0.12568312 8.87658e-6
(1.1,1.0,1.0,1) 0.128150340 0.12815935 9.01025e-6
(1.2,1.0,1.0,1) 0.13018294 0.13019224 9.29248e-6
(1.3,1.0,1.0,1) 0.13175196 0.13176148 9.51065e-6
(1.4,1.0,1.0,1) 0.13275285 0.13285140 9.85447e-5
(1.5,1.0,1.0,1) 0.13344091 0.13345110 1.01871e-5
(1.6,1.0,1.0,1) 0.13354413 0.13355459 1.04578e-5
(1.7,1.0,1.0,1) 0.13315003 0.13316083 1.07971e-5
(1.8,1.0,1.0,1) 0.13226275 0.13227376 1.10127e-5
(1.9,1.0,1.0,1) 0.13088771 0.13090225 1.45348e-5
(2.0,1.0,1.0,1) 0.12904095 0.12906000 1.90455e-5

Table 2. The numerical solution and absolute error at the part of the node when h = 1/200, 7 =1

(X, 7 2, t) Numerical solution Exact solution |u(x,. Vs Zpsly)— U Sk |
(1.0,1.0,1.0,1.5) 0.02804304 0.02804370 6.58658e-7
(1.1,1.0,1.0,1.5) 0.02859552 0.02859622 6.98254e-7
(1.2,1.0,1.0,1.5) 0.02904907 0.02904981 7.38907e-7
(1.3,1.0,1.0,1.5) 0.02939918 0.02939996 7.77581e-7
(1.4,1.0,1.0,1.5) 0.02964233 0.02964315 8.14846e-7
(1.5,1.0,1.0,1.5) 0.02977611 0.02977696 8.489571e-7
(1.6,1.0,1.0,1.5) 0.01239684 0.02980006 8.8235%-7
(1.7,1.0,1.0,1.5) 0.02979917 0.02971220 9.28741e-7
(1.8,1.0,1.0,1.5) 0.02951329 0.02951426 9.63451e-7
(1.9,1.0,1.0,1.5) 0.02920813 0.01920824 1.01247e-7
(2.0,1.0,1.0,1.5) 0.02879707 0.02870718 1.05877e-7
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5. Conclusions

In this paper, we establish the alternating direction difference scheme, and give the expression of
difference scheme truncation errors for time delay partial differential equation of three dimensional
with constant coefficients. We illustrate the effectiveness of the proposed format by a numerical
example. It is worth mentioning that the difference scheme is the result of alternately using one
dimensional implicit scheme in direction, that is, we only need to solve three diagonal equations by
Thomas Algorithm method at each time level. In comparison with the conventional process, this
method has the advantage of the simplicity, easy operation and low computational complexity. The
research and extension of the format overcome the preserve area of the two-dimension; it is an
important research topics in the mathematical models for three-dimensional partial differential
equation with time-delay. The next step will try to consider the equation in other ways and solve
practical problems by the previous difference scheme which deserves extensive application and

extension.
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