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Low Complexity Detectors for Uplink Massive MIMO
Based on a Refinement of Linear Algorithms and
Efficient Initialization

Mahmoud A. Albreem, Saeed Abdallah, Mohamed Saad, Mahmoud Aldababsa, and Khawla Alnajjar

Abstract—Massive multiple-input multiple-output (mMIMO)
plays a crucial role in improving the quality-of-service and
achieving high power efficiency and spectrum efficiency in beyond
fifth generation communication systems. However, data detection
in uplink mMIMO is not a trivial task as the computational
complexity increases with the number of antennas. The equal-
ization matrix is diagonally dominant, and hence, most of the
existing linear detectors use the diagonal matrix. Unfortunately,
detection based on a diagonal matrix may require a high number
of iterations to converge, which increases the computational
complexity. This is highly challenging because of the large
number of antennas on both the transmitting and receiving sides.
In this paper, we propose a refinement of six linear mMIMO
detectors based on a band matrix formulation to accelerate the
convergence rate, and hence reduce the complexity. The proposed
linear detectors include the Newton iterations method, the Neu-
mann series method, the accelerated over-relaxation method, the
successive over-relaxation method, the Gauss-Seidel (GS) method,
and the Jacobi method. The computation of the band matrix
inverse is also presented in this paper and employed in the
proposed detectors. In addition, efficient initialization based on
the structure of the band matrix is proposed, which both improves
the convergence rate and yields a substantial performance gain.
Simulations show that the proposed detectors achieve minimum
mean-squared error performance with significant complexity
reduction even when the number of users approaches the number
of base station antennas. It is also shown that the refined
detector based on the GS and band matrix achieves the highest
performance gain with the lowest computational complexity.

Index Terms—S5G, band matrix, data detection, iterative meth-
ods, massive MIMO, Neumann series, stair matrix

1. INTRODUCTION

HE relentless growth in the number of wireless devices
Tand the size of data traffic, accompanied by an ex-
panding demand for reliable, low-latency, high data-rate, and
energy-efficient connectivity, is driving the development of
beyond-fifth-generation (B5G) wireless systems. BSG systems
must provide the communication infrastructure to serve highly
densely deployed and highly heterogeneous devices that will
support a wide range of applications ranging from immersive
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reality to smart cities and industrial automation [[1]. Massive
multiple-input multiple-output (mMIMO) technology [2] has
emerged as a key solution to improve quality of service (QoS),
power efficiency, and spectrum efficiency in B5G wireless
systems. In mMIMO, a base station (BS) or access point (AP)
equipped with a large number (hundreds or thousands) of
antennas serves multiple users using the same time-frequency
resources. These systems bring about a huge upgrade in the
potential for diversity and multiplexing gains as compared to
classical (small-scale) MIMO systems, which can substantially
improve both the data rates and the reliability. Moreover,
mMIMO systems are less sensitive to noise and highly energy
efficient [3]], [4].

However, substantial gains in spectrum and energy effi-
ciency are achieved at the cost of increased hardware and com-
putational complexity. In fact, the large number of antennas
in the BS translates into a very high signal dimensionality,
which in turn can dramatically increase the complexity of
essential signal processing tasks in the receiver, such as data
detection and channel estimation [5]]. Of particular importance
is the problem of uplink (UL) detection in mMIMO systems,
where the BS needs to decode the transmission of all as-
sociated users based on a high-dimensional received signal.
In order to achieve the goals of B5G systems, it is critical
to achieve this task with high accuracy and minimal latency.
Unfortunately, optimal detection techniques such as maximum-
likelihood (ML) detection have prohibitively high complexity,
making them impractical for mMIMO detection. Hence, the
development of appropriate mMIMO detection techniques that
provide the best trade-offs between computational complexity
and performance has been an active research area in recent
years [6], [[7]. In [7]], authors provide insights on deep learn-
ing (DL) based mMIMO UL detectors. Although mMIMO is
a mature technology, DL-based detectors are not considered
as a mature subject yet. Therefore, researchers’ attention is
still concentrating on developing linear detectors for mMIMO
systems.

A. Related Work

Significant effort has been expended to develop low com-
plexity detection methods for mMIMO UL systems that
can achieve near-optimal performance [5]. Linear detectors,
in particular, have attracted renewed interest due to their
simplicity and relatively low computational complexity [S].
In classical MIMO systems, the zero-forcing (ZF) and the
minimum mean-squared error (MMSE) methods are popular
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examples of linear detectors that provide a convenient trade-off
between performance and complexity. A common requirement
of such methods is the inversion of the Gramian matrix [S].
Unfortunately, as the system size scales up from MIMO to
mMIMO, this becomes a prohibitively complex operation that
would introduce non-trivial latency at the receiver. Moreover,
the Gramian matrix is occasionally almost singular, which
leads to the system being poorly conditioned [5].

Research efforts have thus focused on developing low
complexity alternatives to the high dimensional matrix in-
version [8], either through the use of iterative approximate
matrix inversion methods, or even by completely avoiding
the matrix inversion. Popular methods for approximate matrix
inversion consist of Neumann series (NS) [9], [[10] and Newton
iteration (NI) [11]], [[12]. Unfortunately, this approach suffers
from the existence of matrix multiplications, and hence, high
computational complexity. Therefore, it is not considered
hardware-friendly. The second approach is to transform the
matrix inversion into solving linear equations, starting with
an initial estimation. Following a sequence of iterations, the
final output shows the solution to linear equations. Examples
of such methods include Gauss-Siedel (GS) [13]], successive
over-relaxation (SOR) [14], conjugate gradient (CG) [15],
Jacobi (JA) [16], accelerated over-relaxation (AOR) [17] and
Richardson (RI) [18]. In [19], an optimized AOR method is
proposed in which the acceleration and relaxation parameters
of the AOR method have been carefully selected. In addition,
an efficient initialization is proposed to accelerate conver-
gence. In [4], the channel hardening phenomenon is exploited
in the initialization stage where the scaled identity matrix
and the NI are used. In addition, special matrix structures
are utilized instead of the diagonal matrix to achieve faster
convergence. In [20], a detection algorithm based on an
improved NI method is utilized to reduce the computational
complexity. Although these algorithms are obliged to make
tradeoffs between complexity and performance, they still re-
quire significant iterations’ number to converge, particularly
when the receiving antennas’ number is comparable to the
transmitting antennas’ number, which is not desirable in the
very large-scale integration (VLSI) community [21]. A de-
tailed explanation and extensive comparative study of most
of the above-mentioned methods can be found in [8]], where
the authors provide a numerical analysis of the performance-
complexity profile of each detector.

In both of the above approaches, diagonal matrix has a
pivotal role in the method formulation. This is motivated by
the fact that the equalization matrix in MMSE is diagonally
dominant. It has been observed, however, that in some sce-
narios, especially when the users’ number draws near the BS
antennas’ number, the convergence rate of using the diagonal
matrix is slow [22], or the method may not converge [23].

As an alternative to the diagonal matrix formulation, a stair
matrix formulation has been proposed in [4], [22]. In the stair
matrix, the off-diagonal elements in either the even or the odd
row are zeros. The advantages of using stair matrix over diag-
onal matrix were established in [22], where it was applied in
the context of the NS, and the JA, and significant performance
enhancement was observed over using the diagonal matrix.
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The stair matrix’s application was extended to the GS, SOR,
RI and NI methods in [6], [23]], and significant performance
enhancements were also observed. It was also shown that
efficient initialization based on a stair matrix results in a
significant reduction in complexity.

In addition, a band matrix or banded matrix formulation has
been considered as an approximation to the Gramian matrix
in the context of mMIMO detection. In the band matrix,
elements within a certain number of adjacent diagonals to the
main diagonal are non-zero, while the remaining elements are
set to zero. The number of non-zero adjacent diagonals are
controlled by the bandwidth of the band matrix. The band
parameter (A) influences the precision and the computational
complexity. As the A increases, the complexity increases.
In [24], a likelihood ascent search (LAS) detector is proposed,
which employs the band matrix in the initialization stage
to reduce the proposed detector’s computational complexity.
However, authors consider a large band parameter (A = 20)
which results in high computational complexity. In [11], the
band matrix is considered with the modified NI method for
mMIMO detector. Unfortunately, this scheme may not always
converge, and its overall complexity might still be comparable
to the exact matrix inversion methods, owing to a large number
of matrix multiplications [25].

B. Contribution and Organization

In this paper, we propose a novel approach for the problem
of data detection in UL mMIMO systems, motivated by
the goal of offering a better balance between computational
complexity and performance. Specifically, we propose an
efficient data detection scheme that utilizes a band matrix
formulation, accompanied by efficient initialization, to achieve
near MMSE performance using approximate matrix inversion
methods and iterative methods. In matrix theory, a band matrix
is a sparse matrix whose non-zero elements are confined to a
diagonal band. To our knowledge, the application of the band
matrix in mMIMO detection based on iterative methods has
not been well investigated. In this paper, we show that the
proposed detectors utilizing the band matrix formulation and
proposed initialization combine desirable convergence with
high-performance gains.

This work’s contributions can be summarized as follows:

o« We show that the band matrix is applicable and can
be employed in mMIMO detectors due to the desirable
convergence rate. Inversion of the band matrix is also
presented and utilized in the proposed mMIMO detectors.

o We apply the band matrix in the NS and NI iterations-
based detectors and demonstrate that utilizing the approx-
imate matrix inverse of the band matrix greatly improves
the performance and complexity of proposed detectors.
In particular, compared to the conventional NI and NS-
based detectors where the diagonal matrix is applied, the
proposed detectors exhibit a considerable performance
gain.

« We propose a refinement of iterative methods (AOR,
SOR, GS, and JA) using the band matrix, and demon-
strate that the proposed detectors have significantly lower
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complexity, compared to the cubic complexity of MMSE-
based detector, with only minimal performance loss. In
addition, compared to the existing iterative methods that
utilize the diagonal matrix and stair matrix, the proposed
detectors achieved a remarkable performance gain.

« Efficient initialization of the proposed detectors is also
proposed to further accelerate the convergence rate and
achieve near MMSE performance. The initialization stage
employs the band matrix to guarantee a small spectral
radius, and hence, fast convergence.

o We use simulations to evaluate the bit error rate (BER)
performance, and show that the proposed detectors
achieve significant performance improvement over exist-
ing detectors where the diagonal and stair matrices were
adopted. We also show that the band parameter is crucial
to achieving MMSE performance. In addition, we present
the performance of proposed detectors as a function of
the number of transmitting antennas and band parameter.
However, it is noticed that a large band parameter is
required when the number of users draws near the number
of BS antennas. It is also concluded that band matrix-
based detectors can support more users than detectors
based on diagonal matrix and stair matrix.

The remainder of this article is organized as follows. Sec-
tion [l provides the system model, including mMIMO structure
and preliminary work of the linear MMSE detection, the
NS expansion, the NI, AOR, SOR, GS, and JA methods. In
Section we introduce the band matrix, its properties, and
its applicability to mMIMO systems. In addition, we present
the proposed mMIMO detectors based on the implementation
of band matrix in NS, NI, AOR, SOR, GS, and JA meth-
ods. Efficient initialization of the proposed detectors is also
proposed in Section Section presents the complexity
profile, in terms of the number of flops, for all the proposed
detectors. In Section V] we present and discuss our simulation
results. Finally, our conclusions are presented in Section

II. SYSTEM MODEL

In this paper, we consider the UL of a mMIMO system, in
which the BS has N antennas and K users of single antenna,
i.e., N> K. The signal received at the BS can be expressed
as

y=Hx+w. (D)

Here, x = [x,---,xx]! and y = [y, --,yn]! are respectively
vectors of data signals corresponding to K users and signals
received at the BS corrupted by the noise and channel effects.
The N x K matrix H denotes the channel matrix and can be
represented as h = [hy, hy,- - -, hg], while the N x 1 vector w
denotes the additive white Gaussian noise (AWGN) vector with
mean 0 and covariance 62Iy. The main role of the mMIMO
detector is to estimate x. A plethora of mMIMO detection tech-
niques have been proposed in the literature, ranging from linear
detectors to nonlinear detectors and lately machine learning
based detectors. This paper focuses on linear mMIMO detec-
tors due to their simplicity and low computational complexity.
The development of these detectors has great potential to

achieve significant performance gains coupled with a notable
reduction in complexity. In what follows, we explore the linear
detectors and the relevant low-complexity methods.

A. MMSE Detector
The MMSE data detector can be expressed as

&= (H'H+6%Ik) Hy=w"'b. )

Here, W = H'H + 6°Ix and b = H”y are MMSE equal-
ization matrix and matched-filter output, respectively. Let
G = H" H be the Gram matrix or Gramian (which is commonly
used in mMIMO linear detectors [26]]). Because the different
h; are independent, G is diagonally dominant matrix when
N — o and K is constant. Therefore, W is also diagonally
dominant [26]]. In ZF based detectors, the estimated signal
can be expressed as

=G 'b. (3)

As illustrated in and (3), the linear ZF/MMSE data
detection scheme involves the matrix inversion operation,
which is computationally expensive, especially in large-scale
mMIMO. The inversion of W requires O (K?). Therefore,
alternative methods are utilized in mMIMO data detection to
avoid exact matrix inversion and thus reduce the computational
complexity.

B. Neumann Series

A promising solution to the matrix inversion problem is
the NS method, which approximates the matrix inversion
using matrix multiplications and essentially transforms the
matrix inversion of W into the computation of an n-th order
matrix polynomial. Since the equalization matrix is diagonally
dominant [27]], W~! can be approximated as

wl~ i (D' (D-w))"D7, 4)
n=0

where the diagonal matrix D consists of the diagonal entries
of W. Equation () converges if the condition
lim (I-D~'W)" =0 (5)
n—soo
is satisfied. A disadvantage of this method is that matrix
multiplications are not desired in hardware implementation.
Moreover, it requires a large number of iterations to obtain
accurate solutions, especially when the ratio between the
number of BS antennas and the number of users is relatively
small.

C. Newton Iteration

The NI method is derived based on the Taylor series
expansion. If X refers to the W1’s initial estimate, then
the estimate during the (n+ 1)th iteration is given by

X0 o x() (21— WX<">) . (6)

The initial estimate <X<0>) should be selected properly as

it has a significant impact on the number of iterations (n)
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required for the NI method to converge. Equation (6) exhibits
quadratic convergence to W1 if

HI—WX(O)H <1, %

where X"t matrix represents the approximation of W~!
at iteration n+ 1. The authors in [28] show that only two
iterations of the NI method are sufficient to attain the exact
matrix inverse. However, the computational complexities of
both the NS and NI based detectors are still high. Nonetheless,
the NI method converges faster than the NS method.

D. Data Detection Based on Iterative Methods

In order to maintain reasonable orders of expansion and
avoid matrix-matrix multiplications, detectors based on itera-
tive methods (AOR, SOR, GS, and JA) have been proposed. In
all these methods, the initial estimate has a great impact on the
computational complexity. The initial estimate is commonly
set as described in [29]]

39 = p1p. 8)

These iterative methods estimate the received signal without
computation of W~!. Alternatively, signal detection based on
these iterative methods depends on the diagonal elements (D),
the strictly lower triangular entries (L), and the strictly upper
triangular entries (U) of the Gramian matrix [30].

The AOR method is a stationary iterative technique, en-
abling the signal to be estimated as

£ = (D—y0) ' [(1 - @)D+ (0—)U +oL] £V
+o(D—yU)"'b. )
Here, o represents the relaxation parameter, and Yy denotes
the acceleration parameter, both related to the minimum and
maximum eigenvalues [31]], [32]. It is worth noting that AOR

method reduces to JA, GS, and SOR methods for particular
values of ® and v, as detailed below:

(Y )=(0,1): JA,
(v, )= (1,1): GS,
(y=0): SOR.

In case of y= w, the estimated signal (X) based on SOR is

presented as
£ = (D—oL) [oU + (1 — o)D)V
+(D—oL)"" wb. (10)

If ®=7v=1, the method is called GS, and the signal is

estimated as
W= -0 vz 4+ (D-L)"b. (11)

On the other hand, if y=0,m = 1, we get the JA iterative
method, where the signal can be estimated as

W =p~ L+ U)x"V + Db,
which holds if

12)

lim (I-D~'Ww)" =0.

n—oo

13)

In mMIMO systems, the condition in can be met with
very high probability [33].

On sequential computing platforms, the JA method lacks the
robustness and speed of the GS and SOR methods. However,
it is suitable for parallel implementation [34].

III. BAND MATRIX AND ITS APPLICABILITY TO MMIMO
DETECTION

In this section, we present the band matrix definition and
its properties, then show its applicability to mMIMO detection
with iterative methods.

A. Band Matrix and Its Properties

Definition 1: A band matrix is a square matrix with zeros
after A elements above and below the main diagonal elements
where A is less than the size of the matrix, i.e., if the matrix
is K x K, then A < K. In a band matrix, non-zero elements
are restricted to the diagonal band, which includes the main
diagonal and the secondary diagonals. The parameter A is
referred to as the matrix bandwidth.

Let W= (W;;) be a K x K matrix and T = (7;;) be a band
matrix with A, such that

Wi; —i] <A
T (14)
0, elsewhere.
The equalization matrix (W) can be decomposed as
W=T),—L),— U, (15)

where —L; and —U,, are the strict upper and lower entries of
W —T,, respectively. Hence, we have that

W11 WiA+1
T, =
A Wit1,1 Wik | °

Wi k—\ Wi k

L = —Wia+2,1 ,

—Wk 1 “Wi-A—1k

—WiA+2 Wik
= ' 1

Un —WiA—1k (16)

According to [35], p (75 'Ly) < 1 where p (.) represents the
spectral radius.
In the literature, LU decomposition is usually used to find T;l
where the jth column of T{l is obtained by solving

€j :LVJ',

17
V= UT;. an
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Here, ej, V;, and T; represent identity matrix’s jth column,
an intermediate vector, and inverse matrix’s jth column, re-
spectively. As noted in [36], the arithmetic operation count for
the LU decomposition method is given by (4A — 1)k*+ O (k).
Computational complexity of the band matrix inversion can
be reduced by employing the twisted decomposition. For
j=12,---K,

UL j=1,
Iy=qLU J=k,

LiU;j j=2,--k—1,
where
L=

1
L1 1
b 1
lij-1 1 L livnj
Livhj-1 bk
I g
1
and
U;=
Ui UL t1
Uj—1,j-1 Uj1jia—1
uj,j
Uj j+1 Ujt1,j+1
Uj j+n
Uk Uk—1k  Ukk

B. Proposed Band Matrix Based NS and NI Detection Methods

Based on , the approximation of W~! based on the refined
NS iteration can be expressed as

R L\ 1
w NZ‘E)(I—T; W) T, !, (18)
where D is replaced with the band matrix (7). Equation
converges if the following condition is satisfied

lim (I-1,'W)" =0, (19)

n—oo
or equivalently the spectral radius (p{B}) of the matrix B =
(I-T,'W) satisfies

p{B} <1. (20)

NI method can also be initialized using x0) — T;l, and the

first and second iterations are given by
1) o 1 ~1
xWart2r-wr ),

X ~ x) (21fwx<1>). Q1)

Both and depend on computation of the band
matrix inverse. Let T;?l = M = (m;j). Then the jth column
entries of M can be written as:

o fori=j,j+1,---,j+A—1:

mij = g
and mjj = — (Lijmjj+ i jromjer j+ - +liiaimi-y j),
o fori=j+A, - k—1,k:
mij = — (l,»v,»_;bm,-_;hj + ot liiomig i+ li,i—lmi—l,j)-
Moreover, D =diag{d;,d>, - -,dk} is a diagonal matrix where

~1 _ .
. {T,i—z;m(l’i,wm, r=1,2,-,j—1
=

Trr_zzlir;(i({ﬂr}hﬂrk) r:K7K_157.]+7\‘

When j =1, L1U; = UL, the number of required flops is
2A(A+1). When j=2,--- K, the number of required flops is
20 (A+1)K +1, where t, is a constant related to A.

C. Proposed Band Matrix Based Iterative Detection Methods

In this subsection, we aim to utilize the band matrix and
its inverse (7, ') to estimate the signal x directly, instead of
approximating the inverse of the Gramian matrix. Recursion is
still needed in all approximate methods, which are convergent
for any initial guess. In all methods, strict upper and lower
elements of the matrices are defined according to A.

The detected signal based on the refined JA method is

2 =T L+ U D + T = @V + 1 'b, (22)

where Q4 = T{l (Ly,+ U,) is the iterative matrix of the refined

~ JA method.

The detected signal based on the refined GS method is
2 = (B - L) U+ (B - 1) b
= (Pgs)f(n7]> + (T;L —L;L)71 b, (23)

where @gs = (T, —Ly) ' Uy, is the iterative matrix of the
refined GS method.
The detected signal based on refined SOR method is
2 = (T, — oLy) ! [oUy + (1 — o) T £
+ (T, — oLy) " ob
= @sor(@)2" D 4+ (T3, — oLy) ' wb, (24)

where Q5o (0) = (T, — 0Ly) "' [0Uy + (1 — ) T3] is the iter-
ative matrix of the refined SOR method. Moreover, the signal
can be estimated using the refined AOR based detector as

2 = (1, —Uy) ' [(1 - )T + (@ — YUy + oLy | £
+o(T—yU,) b (25)

or

2 = (1, —yL) " [(1— @) B+ (0 — )Ly + 0Uy ] £V
+o (B, —vL) b (26)
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and the iteration matrix of the refined AOR is
Qaor (1,0) = (Th—1L2) ' [(1=0) Ti+(0 =) Ly +0Uy] . (27)
Therefore, can be simply re-written as

2" = @aor (v, 0) 2"V + o (T, — L)' b.

Appropriate selection of y and ® is crucial for performance
gains. In conventional AOR, they are selectedas 0 <y<® < /.
The refined AOR method converges if p (Qaor (Y, ®)) < 1 and
o #0.

(28)

D. Convergence Rate

Definition 2: A K x K matrix M =
diagonally dominant (SDD) if

K
Imii| > Z

J=Lj#i

(m; ;) is said to be strictly

i=12-K

Also let Q = (Q; ;) be a K x K matrix, then the spectral radius
is given by
p(M~'Q) <p=max; pi, 29)
where |Q |
pi = = (30)
|Mll| / 1/#1‘M11|

If Wis an M—matrix and 0 <y< o < 1 with ® # 0, then
the iterative method is convergent and the spectral radius
p (pO‘) <1.Let M=T) and Q = L) + U, in the refined JA
method, M =T, — L) and Q = U, in the refined GS method,
and M =T) — U, and Q = U, in the refined SOR method.
Obviously, the matrix M is SDD. Therefore, M and Q satisfy
the condition in (29)) and

p(M'Q)<p<1. 31

Based on — (31) and by a little computation, one can see
that pt) > p@ > p0) >

It should be noted that
(A+1)
((PJA ) )

p(eln') 2
p(0s) 2p(95s™).

p(95r) = p(9%6r” ).
(ko) = p(0lion) -

We can choose a natural number A < K such that p ((p%)),

*) (*) d *)
Pl Pss > P(Psor ), and P Paop
Further details regarding the convergence analysis can be found
in [37].

are sufficiently small.

E. Initial Estimation

As shown in , the conventional selection of the initial
estimate depends on the diagonal matrix. Although iterative
methods are convergent for any initial vector, we propose
to exploit the band matrix to determine the initial estimate
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TABLE I
COMPUTATIONAL COMPLEXITY OF T;I.
Flops
j=1 A+ 1)
j=2,--,K MM+ 1)K +1,
Total 2AK? 4+ (BA+5)AK + 1,

where we can obtain performance gain using a small number
of iterations. In this paper, we propose to select the initial
estimate for the proposed detectors based on the band matrix
as

(32)

IV. COMPUTATIONAL COMPLEXITY

It is worth-noting that the for a band matrix with bandwidth
20+ 1 is O(KA?). In addition, the complexity of T;l is
O(KA?). In all proposed methods, it is initially necessary
to construct the band matrix that has the complexity of
O(K?) [37]. The computational complexity is divided into
two stages: initialization and iteration. During initialization,
computing T)jl involves 2AK? + (3A+5)AK + 1, flops. Table
[[ shows the total number of arithmetic operations required
to compute 7{1. It is shown that the computation of T{l
based on the implementation of twisted decomposition is about
twice as fast as the implementation of LU decomposition
in (I7). It is also clear that the number of flops increases
monotonically as the bandwidth parameter (A) increases. The
second stage (detection stage) includes the nth iteration. The
number of required flops in one iteration of the JA based
detector is given by is K2+20MK +K —2A—1, and
hence the total number of flops of the JA based detector
is n(K*+2AK + K — 2L — 1) +2AK* + (3L +5) AK + 1, For
the GS based detector given by , the components of 30
can be calculated successively, and hence, there is no need to
compute (Tj, —Ly)~". Therefore, the number of flops in one
iteration is A (K2 + 3K), and hence, the total number of flops
is n) (K* 4 3K) +2AK*+ (3.4 5) AK +1,.. For the SOR based
detector, the number of flops in one iteration is 4A (K 24+ 3K),
and hence, the total number of flops is 4n\ (K?+3K) +
2AK? + (3A+5)AK +1,. The AOR based detector approxi-
mately requires n) (7K? +3K) +2AK* + (3L +5) AK + 1.
The NI based detector attains MMSE performance when n = 2.
Based on (20), the number of flops required for the first and
second iterations of the NI based detector is K (4A+ 1) —2A% —
2\ and K?(8A+2) — K (4A* 4+ 4L —1), respectively. Hence,
the total number of flops for the first and second iterations
is K(4A+1) =207 —2h+ K* (8L +2) — K (4A* +40—1) +
2AK? 4 (3\+5)AK + 1. In all the aforementioned methods, it
is also observed that the complexity of the proposed detectors
is quadratic.

Table |lIf summarizes the computational complexities of the
proposed detectors. It is also clear that the computational
complexity depends on the number of iterations (n) and the
bandwidth (A). Moreover, the MMSE computational com-
plexity is reduced from cubic in the number of transmitting
antennas O(K?) to approximately O(K?). Table [IlI| presents
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TABLE II
COMPUTATIONAL COMPLEXITY OF PROPOSED MMIMO BASED DETECTORS.

Detector Number of Flops

Refined AOR

nh (TK* 4 3K) +2AK? + (3A+5)AK +1y,

Refined SOR

4n) (K*+3K) +2AK> + 3+ 5)AK +1

Refined GS nh (K> +3K) +2AK> + (BA+5)AK +1,

Refined JA n(K*+20K+K —20—1) +2AK* + (3A+5)AK + 1,

Refined NI K(4A+1)—207 =20+ K> (8h+2)—K (4A* +4A— 1) +20K>+ (3L +5)AK +1,
TABLE III

EXECUTION TIME COMPARISON (IN SECONDS) BETWEEN THE MMSE AND
THE PROPOSED DETECTORS (K =24, N =128, SNR = 13 dB, AND A = 2).

Method Number of iterations (z) | Execution
time
MMSE - 0.387
Refined 1 0.085
AOR
Refined SOR | 1 0.074
Refined GS 1 0.068
Refined JA 1 0.080
Refined NI 2 0.101
Refined NS 2 0.114

a comprehensive comparison of execution times across the
proposed detectors under identical hardware/software condi-
tions (10,000 Monte Carlo runs, MATLAB R2021a, 3.2GHz
with 64 GB DDRS5, Intel i9-14900K). The results illustrate the
computational advantages of all proposed detectors.

V. SIMULATION RESULTS

In this section, we present our simulation results for all
the proposed detectors. In particular, we showcase the BER
versus SNR for each of the proposed detectors and compare it
with the performance of conventional detectors. Computational
complexity is also demonstrated in terms of the number of
flops. Both performance and complexity are presented as
functions of the number of transmitting antennas, the number
of iterations and the parameter A. For the number of receiving
antennas, we consider both 128 and 256 antennas. The channel
matrix H is generated using Rayleigh fading, and is assumed
to be perfectly known at the receiver. Our results are averaged
over 10,000 instances of the channel matrix H. We consider
64-QAM throughout our simulations.

In Fig. [T} we show the BER performance of all the detectors
(AOR, JA, GS, SOR, NI, and NS), based on both the diagonal
matrix and the band matrix, assuming a 16 x 128 setup, and
only a single iteration n = 1 for all the iterative algorithms. The
bandwidth A of the band matrix is set to 1. As a benchmark,
we also show the performance of the MMSE detector. For all
the proposed algorithms without exception, the band matrix
version offers significantly better performance to the diagonal
matrix version, especially in the higher SNR range. For
instance, the band matrix version of the GS method exhibits
a gain of more than 10 dB over the diagonal matrix version
at BER = 1073, For the NI method, the gain is ~ 9.5 dB at
BER =2 x 1073, For the JA method, the gain is more than 10
dB at BER = 1072, For the NS method, a gain of more than

10
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- AOR - Diagonal Matrix
107 H=—8=—AOR - Band Matrix

e JA - Diagonal Matrix
—k— JA - Band Matrix

GS - Diagonal Matrix
104 L GS - Band Matrix
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—8—S0R - Band Matrix

NI - Diagonal Matrix
10-5 L NI - Band Matrix

w#NS - Diagonal Matrix
—w—NS - Band Matrix
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SNR [dB]

Fig. 1. Comparison of the performance of proposed detectors utilizing a band
matrix versus a conventional diagonal matrix when A=1, n =1, K = 16, and
N =128.
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NI - Diagonal Matrix

NI - Band Matrix
NS - Diagonal Matrix
—#—NS - Band Matrix
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102

BER

1072 K

SNR [dB]
Fig. 2. Comparison of the performance of proposed detectors utilizing a band
matrix versus a conventional diagonal matrix when A =1, n =2, K = 16, and
N =128.

15 dB is observed at BER = 0.7 x 10~!. A gain of ~ 15 dB is
also observed for the SOR at BER = 0.2 x 10~!. For the AOR,
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Fig. 3. Comparison of the performance of proposed detectors utilizing a band
matrix versus a conventional diagonal matrix when A =2, n =2, K = 16, and
N =128.

a gain of ~ 10 dB is observed at BER = 0.2 x 10!, Hence,
for all the considered methods, and for the same number of
iterations, the use of the band matrix results in substantial
gains. These gains are achieved at minimal extra cost in terms
of computational complexity, which establishes the superiority
of the band matrix formulation. It is worth mentioning that the
band matrix version of the GS provides performance closest to
MMSE, with a gap of less than 1 dB at BER = 1073, although
this gap increases at lower BER values.

The same simulation is repeated in Fig. 2} but this time
using n = 2 iterations for all the proposed methods. It is again
observed that the band matrix version of all the methods is
superior to the diagonal version. For instance, the band matrix
version of the GS offers a gain of ~2 dB at BER = 1077,
For the NI, the performance of the two versions is initially
almost overlapping at low SNR, but the gap in favor of the
band matrix version increases with SNR, such that there is
a gain of ~ 10 dB atBER = 0.5 x 10~*. The SOR method
shows a gap of ~ 2.7 dB at BER = 10~*, which increases
to =~ 10 dB at BER = 1073, For the JA method, the gain is
~ 10 dB at BER =2 x 1073. For the NS, a gain of ~ 11
dB is observed at BER = 1072, For the AOR, the gain is
approximately 2 dB at BER of 1073, but increases to a ~ 9
dB at BER =4 x 107>, Hence, the band matrix version again
provides superior performance to the diagonal matrix for all
algorithms, though for some methods the gap is small at low
SNR and becomes more substantial at high SNR. It is also
observed that the performance of the band matrix version of
the GS almost overlaps with the MMSE for this case, while
the band matrix version of the NI and the SOR are also very
close to the MMSE.

In Fig. 3] we consider the same simulation setup as Fig. [2]
but the bandwidth A of the band matrix is increased to 2. It is
observed that all the methods exhibit improved performance
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Fig. 4. Comparison of the performance of proposed detectors utilizing a band
matrix versus a conventional diagonal matrix when A=1, n =1, K =24, and
N = 256.

as the bandwidth increases to 2. In fact, the performances of
the band matrix versions of the GS, NI, SOR, and AOR are
almost indistinguishable from the MMSE, while the JA and
NS also show significant gains. These gains are achieved at
the cost of a moderate increase in computational complexity
due to the higher value of A.

In Fig. [d we scale up the size of the system by increasing
BS antennas’ number to 256 and users’ number to 24, while
using a single iteration for all methods (n = 1) and a bandwidth
of A =1 for the band matrix. It is clear that as the system size
is almost doubled, the band matrix version is still superior
to the diagonal version for all methods. In particular, it is
observed that band matrix GS outperforms the diagonal GS
by ~ 6 dB at BER = 10~*. For the NI, a gain of ~2 dB is
observed at BER = 10~*. For the JA, a gain of more than 4
dB is observed at BER = 1073, For the NS, a gain of ~ 8§ dB
is observed at BER = 5 x 1072. A huge improvement in the
performance of the SOR is also observed. The band matrix GS
performs closest to the MMSE, followed by the band matrix
NI

We next explore impact of increasing users’ number on
BER performance of proposed methods, for A =1 (Fig. ,
while fixing the SNR at 13 dB and BS antennas’ number
at N =128. As expected, the performance of all methods
gradually deteriorates as users’ number increases.Among the
proposed methods, the GS offers the slowest degradation as
the number of users increases. The performances of the JA and
AOR are only slightly worse than the GS, while the remaining
three methods tend to deteriorate faster with the number of
users.

In Fig. [6] we consider the best methods of the two ap-
proaches (GS for the iterative linear equation approach and NI
for the approximate matrix inversion approach) and compare
the BER performances of the band matrix, diagonal matrix and
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Fig. 5. Performance as a function of the number of transmitting antennas (K),
SNR=13 dB, N=128, and A= 1.

stair matrix formulations. We consider a 24 x 128 mMIMO
system, and use n = 1 iterations for all methods and A =5
for the band matrix. For the GS method, while both the band
matrix and stair matrix formulations are significantly better
than the diagonal formulation, the band matrix formulation
offers =~ 2 dB gain compared to the stair matrix at BER of
1073, and ~ 7.5 dB at BER = 3 x 10~*. For the NI method,
on the other hand, the band matrix formulation offers a huge
gain compared to both other formulations. For low BER values
(e.g., 5x 107"), the band matrix NI offers a gain of ~ 4
dB compared to the stair matrix and 10 dB compared to
the diagonal matrix. However, the band matrix formulation
achieves BER as low as 2 x 107 at high SNR, while the
other two formulations do not go below 2 x 1072, It is also
clear that band matrix based detectors can support more users
than detectors based on diagonal matrix and stair matrix.

In Fig. [/} we investigate the performance of the proposed
methods versus the bandwidth A of the band matrix. In
particular, for a 24 x 128 mMIMO system, we plot the BER
of all the methods versus A, for n =1 and SNR of 15 dB. As
expected, all the BER performances improve as A increases,
eventually, approaching MMSE performance. For small values
of A, the GS offers the best performance, followed by the
JA and the AOR. However, as A increases, eventually the NI
outperforms other methods for the same value of A, and is the
first to approach MMSE performance. While the NS and SOR
still approach the MMSE for high value of A, they require
high values of A (16 for the SOR and 20 for the NS) to
perform close to MMSE. It should be noted, however, that
the computational complexity of all methods increases with
A as discussed in Section Hence, the GS may be more
desirable than the NI for small values of A.

Figure [§] illustrates a performance comparison between the
proposed detectors and the detector in [28|] under imperfect
CSI. The imperfect channel modeled by H = EH+ /1 —E2N,

—s—MMSE E
9GS - Diagonal Matrix| "\~ B
||—8—GS - Band Matrix

— % ' GS - Stair Matrix
NI - Diagonal Matrix
||—&—NI - Band Matrix

= % NI - Stair Matrix

107

5 10 15 20 25 30
SNR [dB]

Fig. 6. Performance comparison of proposed GS and NI detectors and other
detectors in [6]], [34], when A =5, n=1, K =24, and N = 128.
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GS-Band MatriXx |
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NI - Band Matrix
—#—NS - Band Matrix

2 4 6 8 0 12 14 16 18 20
A

10

Fig. 7. Performance of proposed detectors at wide range of A, n =1, K =24,
N =128, and SNR = 15 dB.

where & = 0.8. It is evident that the proposed detectors, with
the exception of the JA based detector, outperform the detector
in [28]|. Finally, in Fig. 0] we compare the computational
complexities of all the proposed band matrix methods to that
of the MMSE, in terms of flops’ number as usres’ number
increases. We set A = 1 and n = 2, while the number of BS
antennas is set to 128. It is observed that all methods have a
significantly lower complexity that the MMSE. The SOR and
GS have the lowest complexity, whereas those of the NI and JA
almost overlap. The AOR has the highest complexity among
the proposed methods. In general, this simulation confirms
that the band matrix formulation offers a very significant
improvement in computational complexity compared to the
MMSE.
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Fig. 8. Performance comparison of proposed detectors and NS based detector
in 28], when A =4, n =2, K =32, N = 128, and imperfect CSI.
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Fig. 9. Complexity comparison between proposed detectors and MMSE as a
function of transmitting antennas’ number, A =1, n =2, and N = 128.

VI. CONCLUSION

In this paper, we addressed the data detection problem in
mMIMO systems and developed six mMIMO detectors: the
AOR-band matrix, SOR-band matrix, GS-band matrix, JA-
band matrix, NI-band matrix, and NS-band matrix. The sim-
ulation results demonstrated that the parameter A significantly
affects both the performance and computational complexity
of all the proposed detectors. While increasing A enhances
performance, the improvement plateaus near MMSE perfor-
mance beyond a certain A value, making careful selection
of A essential to avoid unnecessary computations. We also
introduced efficient initialization techniques based on the
band matrix. The proposed detectors achieved notable BER
performance (close to MMSE) with a significant reduction in
complexity compared to conventional detectors using diagonal
or stair matrices. Moreover, the detectors performed well even
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as users’ number approached the BS antennas’ number. A
key advantage of the proposed GS-band matrix and NI-band
matrix detectors is their ability to achieve MMSE performance
without requiring a large iterations’ number or a high band
parameter when receiving antennas’ number greatly exceeds
transmitting antennas’ number. This highlights the superiority
of band matrix-based detectors in supporting more users
compared to diagonal and stair matrix-based approaches. In
the future, we plan to extend these detectors to joint channel
estimation and data detection in mMIMO systems. Further-
more, many implementation steps of the proposed detectors
are inherently parallelizable, which can significantly reduce
execution time with appropriate computational resources.
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