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Abstract—The analysis of coverage probability based on signal-
to-interference-plus-noise-ratio (SINR) is a classical problem in
the study of wireless and cellular networks. Stochastic geom-
etry (SG) has opened up the possibility of accurate coverage
characterization for random spatial deployment of base stations.
While results obtained using SG are tractable and compact, in
most cases, they are usually in the form of incomplete integrals,
which need to be efficiently computed. Although that is possible
with the computational capabilities available today, it masks the
underlying structure in the analysis precluding the possibility of
using it for solving optimization and system design problems.
This paper provides an alternate approach to analyzing SINR-
based coverage probability using direct probability computation.
We analyze a uniformly random wireless network as a test
case and compare the analytical results with widely accepted
frameworks in the SG literature. Our analytical derivations,
validated through simulation studies, agree with well-known
results in the literature. The developed approach provides the
groundwork for coverage analysis in more complex network
scenarios and channel conditions.

Index Terms— Coverage probability, Poisson point process,
signal-to-interference-plus-noise-ratio, stochastic geometry, wire-
less networks.

I. INTRODUCTION

THE theoretical analysis of performance in wireless net-
works has always been of interest to wireless engineers.

In future cellular and wireless networks, there is a need to
have ultra-reliability and low latency [1]–[3]. These depend
on the ability to have performance guarantees, which needs
analytical characterization. Various mathematical tools have
been used to model wireless networks and to measure the
level of performance achieved by a typical user served by
the network [4]. A widely accepted metric for performance
has been the signal-to-interference-plus-noise-ratio (SINR),
which depends on the signal power received at the receiver
as well as the combined powers of noise and the interfer-
ence [5]. The received signal and interference powers are
random quantities since for a typical user, the nearest base
station (BS) and the interferers can be located at distances
that are stochastic. Furthermore, the wireless channel between
the nearest BS and the interferers can also experience fading
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Fig. 1. Top view of a cellular network displaying the signal and interference
powers received by a typical mobile user in the network. The closest or
associated BS is shown in green color while the nearest interfering BS is
shown in red color. The other interferers are shown in black color.

effects which add to the randomness [6], [7]. Hence, the
SINR itself becomes a random variable and it is important to
understand its distribution function to assess the performance
of a typical user probabilistically. Fig. 1 illustrates the scenario
under consideration for a typical mobile station in a cellular
network, which connects to the nearest available BS at a
distance r ∈ R. The other BSs at distances Ri ∈ R, i ≥ 2,
in ascending order, are assumed to cause interference to the
mobiles’ communication with the associated BS. The closest
of these interferers, at a distance R2 ∈ R, is marked in red
color and it plays a dominant role in the received SINR at the
mobile.

One possible technique for analyzing SINR-based coverage
probability is to use stochastic geometry (SG) [8], [9], which
provides a spatial average of the coverage probability over
all possible realizations of the BS locations, defined by a
point process [10], [11]. Uniform random wireless networks,
also referred to as a Poisson point process (PPP) in SG
literature [12], and their variants are widely accepted models
to capture BS locations in cellular networks. At the heart of
the SG approach is the Campbell’s theorem, that helps in
evaluating sum-product functionals, and is extremely useful
is characterizing the interference in a random wireless net-
work [13]. While the Campbell’s theorem gives a breakthrough
by providing the exact Laplace transform of the aggregated
interference, however, the challenge lies in the fact that it is a
double integral over the 2-D region of interferers. Evaluation
of such integrals in closed-form is possible in a select few
cases and even those cases result in expressions that are nested
integrals and therefore, have to be computed numerically. This
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precludes the possibility of using them as an objective function
or constraints in convex optimization problems that can be
formulated for the design of wireless systems, e.g., [14].

This paper revisits the classical analysis of down-link cover-
age probability in uniform random wireless cellular networks
and provides an alternate probabilistic approach, which pro-
vides additional insights and leads to simpler expressions for
special cases. In a cellular network setup as shown in Fig. 1,
the interference power received by a typical mobile can be
simplistically expressed as the sum

∑N
i=2 R

−η
i , where N − 1

is the number of interferers and η is the path-loss exponent,
ignoring channel distortions and assuming unit transmit power.
From a probabilistic viewpoint, it would make sense to apply
the central limit theorem (CLT) on the interference term,
considering a large enough N , and approximate the sum as
a Gaussian random variable. However, it turns out that the
interference term does not have finite moments, which rules
out the applicability of the CLT [15]. Intuitively, the main
reasons why the CLT fails are as follows: (i) The interference
is a non-negative random variable and is therefore lower
bounded by zero so it does not resemble a Gaussian when the
mean is small, (ii) The interference is often ill-conditioned,
i.e., variance is much larger than the mean. Interestingly, the
ratio r/Ri has a finite mean and finite variance, which lightens
up the prospects of the CLT applicability to its summation.
However, since r/Ri is strictly less than 1, higher powers tend
to be positively skewed, which again limits the applicability
of the CLT for

∑N
i=2 (r/Ri)

η , where η ≥ 2. This difficulty
has made any analytical development impossible, and hence,
an SG approach bails out the analysis with the help of the
Campbell-Mecke theorem [16] and the probability generating
functional (PGFL) of PPPs [17]. Although the SG approach
provides a blanket cover to all the hidden details of the model
to get to the eventual coverage probability, we show that it
is possible to maintain the structural details while maintaining
tractability. We show that a direct computation of the coverage
probability is possible and we also provide expressions for
some commonly used cases. The main contributions of this
paper are summarized as follows:

• We provide an alternate method to derive the probability
of coverage in uniform random wireless networks using
probabilistic modeling. This has been achieved by using a
tractable modification of the interference characterization
in the SINR analysis.

• We break down the analysis of coverage into a modular
system where the statistics of interference and noise
mixture is determined by considering a finite number
of interferers. The resulting moments and joint moments
have been used in accurate probabilistic modeling of the
SINR.

• We provide closed form analytical expressions for the
coverage probability in commonly used special cases of
power loss models, i.e., quartic power loss, cubic power
loss, and quadratic power loss.

• Analytical results have been compared against existing
well-established results from SG and validated through
extensive simulations for different model parameters.

The rest of the paper is organized as follows: Section II
provides an overview of related works in the literature, Sec-
tion III outlines the system model used, Section IV describes
the methodology and analysis, Section V provides simulation
results and comparisons, and Section VI concludes the paper.

II. RELATED WORK

Performance analysis of wireless networks using stochastic
modeling is widely investigated due to its relevance in pro-
viding high quality communication services in the evolving
cellular ecosystem, involving 5G and IoT technologies. In a
bid to generalize the system model where the channel gains,
transmit powers, and distances of interferers and associated BS
are considered to be random, there has been a strong interest
among the physical layer wireless researchers to accurately
capture the coverage probability [18]. However, considering
extensive randomness complicates analysis to the extent that
the problem may become intractable [19], [20]. The state of
the art in solving these problems relies on the use of SG, which
has revolutionized the performance analysis of wireless com-
munication systems in recent years to analyze more complex
systems such as heterogeneous cellular networks with more
structured user and BS locations [21]. SG based approach
has also been successfully applied to analyze vehicular net-
works [22], IoT networks [23], and satellite networks [24] to
name a few.

The fundamental problem in coverage analysis is dealing
with the interference in the network [25]. More specifically,
there is a singularity problem due to the nearest interferer,
which makes the statistics impossible to evaluate [26]. More-
over, the distribution of interference power is not Gaussian
despite the presence of a large number of interferers [27].
In fact, it is highly skewed and hence Laplace transforms of
the aggregated interference are used for accurate characteriza-
tion [28]. However, they are in the form of incomplete integrals
similar to the SG analysis. Attempts have been made in
the literature to use Gaussian approximations for interference
modeling [29]. However, it results in loose bounds on the
resulting analysis. Moreover, the approximation may not yield
tractable expressions for the coverage as we show in this paper.
We have circumvented the singularity problem by avoiding
the process of finding the exact density functions related to
the interference terms. Despite existing SG literature in this
domain, this problem is worth revisiting due to its key role
in the performance analysis of a diverse range of wireless
networks.

The seminal work of Andrews et. al. [30] provides a SG
based analytical results for PPP and is shown to reasonably
model practical deployments of cellular networks. However,
SG results are difficult to use in system design problems and
researchers have resorted to alternate definitions of coverage
such as [14], where the authors have optimized the network
for energy consumption. Moreover, SG analysis masks the
finer structural details of coverage probability that limits its
applicability in many decision frameworks. In this work, we
offer a modular approach that achieves the accuracy of SG
results while breaking down the analysis into per-interferer
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components. This allows us to investigate how performance
changes when specific interferers are considered or ignored.
To the best of our knowledge, this is the first time such
modularity has been demonstrated in SG-based coverage
analysis. Our simplified expressions are not only analytically
tractable but also provide a more flexible framework that
can be easily applied to optimize system parameters, such
as transmission capacity or frequency reuse. Furthermore, our
method allows for varying power levels and fading parameters
across individual interferers, an extension that traditional SG
approaches struggle to accommodate. While our examples
focus on uniform random wireless networks, the approach is
generalizable to other system models based on the statistical
properties of the model under investigation.

III. SYSTEM MODEL

Consider the downlink performance of a typical user in a
cellular network, where the BSs are assumed to be distributed
uniformly in the 2-D plane according to a homogeneous PPP
of intensity λ ∈ R. We use a signal capture model, where the
user is connected to the nearest BS, and the other BSs act
as interferers. Fig. 1 illustrates the downlink communication
scenario where a typical mobile is considered to be placed
at the origin, without loss of generality. The distance of a
typical mobile to its nearest BS is referred to as r ∈ R,
while the distance to the ith interfering BS is referred to as
Ri ∈ R, i ≥ 2. Notice that r < R2 < R3 < · · · < RN ,
where N ∈ N denotes the total number of BSs in the region
of consideration. Note that there are N − 1 interferers in this
scenario. Since the BSs are distributed according to a PPP,
N ∼ Poisson(λ A), where A is the area of the interference
region. The distribution of distance from the mobile to the
nearest BS is Rayleigh and is given as follows [30]:

fr(r) = 2πλre−λπr2 , r ≥ 0. (1)

The distances of the mobile to the ith interfering BS is
distributed according to the generalized Gamma distribution
as follows [31]:

fRi(x) =
2(πλ)i

Γ(i)
x2i−1e−λπx2

, x ≥ 0, i ≥ 2. (2)

It can subsequently be shown that X = r2 is exponentially
distributed with mean 1/(πλ) and Yi = R2

i is distributed
according to a Gamma distribution with parameters i and πλ,
i.e.,

fX(x) = λπe−λπx, x ≥ 0, (3)

fYi
(yi) =

(λπ)iy i−1
i

Γ(i)
e−λπy, y ≥ 0, i ≥ 2. (4)

In the sequel, we use the variables X and Yi, respectively in
place of r and Ri for notational convenience in the analytical
development.

A. Downlink SINR Characterization

Assuming the transmission power of all BSs to be unity,
the received power at the mobile receiver follows a power-law
decay model. In this model, the channel power gain from the
serving BS to the mobile is denoted by g0, and the channel
power gain from the ith interfering BS to the mobile is denoted
by gi, where i ≥ 2. The received SINR at the mobile device
is thus expressed as:

SINR =
g0r

−η∑N
i=2 giR

−η
i + σ2

=
g0r

−η

I + σ2
, (5)

where I =
∑N

i=2 giR
−η
i denotes the aggregated interference

power and σ2 represents the noise power. Here, g0 and gi are
random variables that denote the channel (power) gains, which
model the uncertainties in received signal power due to multi-
path fading and shadowing effects. The path-loss is captured
separately by r−η and R−η , which depend on the distance
between the mobile and the respective BSs, and the path-loss
exponent η ∈ R. Under the assumption of Rayleigh fading,
the channel power gains g0 and gi,∀i ≥ 2, are exponentially
distributed random variables, i.e., g0 ∼ Exp(σ2

0) and
gi ∼ Exp(σ2

i ), i ≥ 2, where σ2
0 and σ2

i represent the mean
power gains for the respective links. In Appendix A, we
have shown that the random variable

∑N
i=2 giR

−η
i is not well

defined in terms of its moments. To overcome this difficulty,
we rewrite the SINR in (5) as

SINR =
g0∑N

i=2 gi

(
r
Ri

)η
+ σ2rη

=
g0∑N

i=2 giW
η
i + σ2rη

,

=
g0

S + σ2rη
. (6)

A key observation here is that the new random variable
Wi = r/Ri ≤ 1, i ≥ 2 is a well-behaved random variable with
finite moments. This allows the modified interference term
S =

∑N
i=2 giW

η
i to have finite means and is easy to deal

with analytically.

Remark 1. It is important to note that the current frame-
work is developed primarily for far-field analysis and may
not accurately capture ultra-dense base station deployment
scenarios. In such cases, the near-field effects and singularity
at the origin in the traditional r−η path-loss model can
lead to saturation in SINR-based coverage probability results.
While multi-slope [32] and stretched exponential [7] path-
loss models have been proposed to address these issues, they
introduce significant analytical complexity and are beyond the
scope of this work. Future extensions of this framework will
aim to incorporate these models for improved accuracy in
ultra-dense networks.

B. Coverage Probability

The coverage probability for a typical mobile in the cellular
network is defined as the probability of the SINR exceeding
an arbitrary threshold T ∈ R, and is written as follows:

P(SINR ≥ T ) = P
(

g0
S + σ2rη

≥ T

)
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= P
(
g0 > T (S + σ2rη)

)
, (7)

= Er,S

[
P
(
g0 > T (S + r2ση)|r, S

)]
.

Since g0 represents exponential path-loss with parameter σ2
0 ,

P(SINR > T ) = Er,S

[
e
− T

σ2
0
(S+σ2rη)

]
. (8)

The goal here is to compute the expression in (8) for different
values of η. Since S and σ2rη are dependent random vari-
ables, the expectation cannot be separated. Hence, we need
to determine the moment generating function of the random
variable S + σ2rη for a fixed η. If we can have an accurate
and tractable model for the probability density function of
S+σ2rη , then we can directly obtain the coverage probability
through its moment generating function. This is elaborated in
the subsequent section with the help of special cases.

IV. METHODOLOGY AND ANALYSIS

In this section, we will provide a generalized procedure for
direct computation of the coverage probability and derive exact
expressions for some special cases of the path-loss exponent.
Consider the modified interference term S as derived in the
previous section:

S =

N∑
i=2

gi

(
r

Ri

)η

=

N∑
i=2

gi

(
r2

R2
i

) η
2

=

N∑
i=2

giW
η
2
i , (9)

where Wi = r2/R2
i = X/Yi. In what follows, only

X = r2 ∼ Exp(πλ), and Yi = R2
i ∼ Gamma(i, πλ) will

appear explicitly and hence in the sequel, we will deal with (9)
using X and Yi, ∀i ≥ 2. While the distances Ri are inde-
pendent, their order is important in the computation of the
coverage probability, which makes the problem non-trivial. In
other words, an interferer may become the closest BS and
the closest BS may become an interferer if the ordering of
distances is such. Therefore, this factor has to be taken into
account during the analysis.

Remark 2. Note that the references to distances of the BSs
from a typical point are relative, i.e., in (9), r is the distance
to the nearest BS while Ri refers to the distances of the ith

closest interfering BS. Therefore, in a new realization of the
stochastic scenario, the variables will exchange role based on
the order of their distance from the typical receiver. Hence, it
is necessary to redefine Wi with Zi as

Zi =
min(X,Yi)

max(X,Yi)
, i = 2, 3, · · · (10)

Notice that 0 < Zi ≤ 1 always ensuring the ordering of the
random variables. Hence, we will replace Wi in (9) with Zi

so that the probability of coverage in (8) is carried out under
S =

∑N
i=2 giZ

η
2
i . We can explicitly compute the probability

density function (PDF) of the variable Zi, provided by the
following lemma.

Lemma 1. The probability density function of the random
variable Zi =

min(X,Yi)
max(X,Yi)

can be expressed as:

fZi
(z) =

i(1 + zi−1)

(1 + z)i+1
, 0 ≤ z ≤ 1, i ≥ 2. (11)

Proof. See Appendix B.

Next, we investigate several commonly used cased of the
path loss exponent to obtain exact expressions of the coverage
probabilities.

A. Special Case - Inverse Quartic Path-Loss (η = 4)

In this case, the SINR can be expressed as

SINR =
g0∑N

i=2 gi

(
r
Ri

)4
+ σ2r4

=
g0

S + σ2r4
, (12)

where S =
∑N

i=2 giZ
2
i with Zi = min(X,Yi)

max(X,Yi)
. The mean

µS = E[S] =
∑N

i=2 E[gi]E[Z2
i ], and the variance is given by

σ2
S = E[S2]− µ2

S , where

E[S2] =
∑
i

∑
j

E[giZ2
i gjZ

2
j ], =

N∑
i=2

E[g2i ]E[Z4
i ]+∑∑

i ̸=j

E[gi]E[gj ]E[Z2
i Z

2
j ].

(13)

Hence, our objective is to evaluate E[Z2
i ], E[Z4

i ], and
E[Z2

i Z
2
j ], i ̸= j for i, j = 2, 3, · · ·, N .

Lemma 2. For the case when η = 4, the mean µs and
variance σ2

s of the sum S can be computed as follows:

µS =

N∑
n=2

σ2
nE[Z

2
n], (14)

σ2
S =

N∑
n=2

2σ2
nE[Z

4
n] +

N∑∑
m ̸=n=2

σmσnE[Z
2
mZ2

n]− µ2
s, (15)

where the second moment, fourth moment, and joint moments
of Zn, are obtained as follows:

E[Z2
n] =



3− 4 ln(2) , n = 2,

n
(
1− (n+ 1) ln(2) + 1

n−2

(
1− 1

2n−2

)
−

2
n−1

(
1− 1

2n−1

)
+ 1

n

(
1− 1

2n

)
+∑n

k=1
(−1)k+1

k

(
n+1
k+1

) (
1− 1

2k

))
, n ≥ 3,

(16)

E[Z4
n] =



2Q(2) + 12 ln(2)− 33
4 , n = 2,

3Q(3)− 12 ln(2) + 67
8 , n = 3,

4Q(4) + 4 ln(2)− 131
48 , n = 4,

n
(
Q(n) + 1

n−4

(
1− 1

2n−4

)
−

4
n−3

(
1− 1

2n−3

)
+ 6

n−2

(
1− 1

2n−2

)
−

4
n−1

(
1− 1

2n−1

)
+ 1

n

(
1− 1

2n

))
, n ≥ 5,

(17)

with

Q(n) =
7

3
− 3(n+ 3)

2
+

(n+ 3)(n+ 2)

2
−

(n+ 3)(n+ 2)(n+ 1)

6
ln(2)+

n∑
k=1

(−1)(k+1)

k

(
n+ 3

k + 3

)(
1− 1

2k

)
, (18)
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and

E[Z2
mZ2

n] = I1 + I2 + I3, m ̸= n, (19)

where

I1 =



12 ln
(
3
2

)
− 131

27
, m = 2, n = 3,

12 ln
(
3
2

)
− 131

27
, n = 2,m = 3,

1
(n−1)(n−2)

(
2
(
12 ln

(
3
2

)
− 131

27

)
+∑n−3

k=1
1

k(2k)

∑k−1
l=0

(l+4)!

l!35

(
2
3

)l , m = 2, n ≥ 4,
1

(m−1)(m−2)

(
2
(
12 ln

(
3
2

)
− 131

27

)
+∑m−3

k=1
1

k(2k)

∑k−1
l=0

(l+4)!

l!35

(
2
3

)l , n = 2,m ≥ 4,
Γ(n−2)

Γ(m)Γ(n)
×(∑n−3

j=0
Γ(m+j−2)

j!2j+m−2

∑m+j−3
k=0

(k+4)!

k!35

(
2
3

)k) , n > m ≥ 3,
Γ(m−2)
Γ(m)Γ(n)

×∑m−3
j=0

(
Γ(n+j−2)

j!2j+n−2

∑n+j−3
k=0

(k+4)!

k!35

(
2
3

)k) , m > n ≥ 3,

(20)

I2 =



1
Γ(m)(n−1)(n−2)

×∑n−3
j=0

1
2j+1

∑j
k=0

2k

k!
Γ(m+k+2)

3m+k+2 ,, n > m ≥ 2,
1

Γ(n)(m−1)(m−2)
×∑m−3

j=0
1

2j+1

∑j
k=0

2k

k!
Γ(n+k+2)

3n+k+2 , m > n ≥ 2,

(21)

and

I3 = mn(m+ 1)(n+ 1)

(
1

36
(5− 6 ln(2))−

n−3∑
k=0

k!

(k + 4)!2k+1

)
−

m(m+ 1)

Γ(n)

n+1∑
j=0

Γ(n+ j + 2)

k! 2n+j+2
×

(
4

9
− 1

6
ln(2)−

n+j−3∑
k=0

2k+4 k!

(k + 4)! 3k+1

)
, m, n ≥ 2. (22)

Proof. See Appendix C-C, Appendix C-E, and Ap-
pendix D-C for the computation of E[Z2

n], E[Z4
n], and

E[Z2
mZ2

n] respectively.

Finally, from (8), P(SINR > T ) = E[e
− T

σ2
0
(S+σ2r4)

], where
S =

∑N
i=2 giZ

2
i . As we have seen, the components gi and

Z2
i in S have finite means and hence central limit theorem

applies to this modified interference term. Therefore, S can be
approximated as S ∼ N (µS , σ

2
S). However, S in non-negative

and its PDF is skewed towards the origin on the positive side.
Moreover, S is also correlated with the variable r. Therefore,
it is convenient to use the following model:

S̃ = S + σ2r4 = U2, (23)

where U ∼ N (µU , σ
2
U ). Knowing µU and σ2

U accurately,
we can compute the coverage probability using the following
general lemma for a Gaussian random variable:

Lemma 3. If any random variable S̃ can be accurately
modeled as U2, where U ∼ N (µU , σ

2
U ), then the coverage

probability for a typical mobile can be expressed as:

P(SINR > T ) = E
[
e
− T

σ2
0

U2
]

=
1√

1 + 2
Tσ2

U

σ2
0

exp

(
− Tµ2

U

σ2
0 + 2Tσ2

U )

)
. (24)

Proof. See Appendix E.

The final step is to express the µU and σ2
U in terms of µS ,

σ2
S , and E[Sr4], where the joint moment between S and r4

can be evaluated using the following lemma.

Lemma 4. The joint moment between the random variables
S and r4 can be computed as follows:

E[Sr4] =
N∑
i=2

E[gi]E
[
(min(X,Yi))

4

(max(X,Yi))2

]
, (25)

where

E
[
(min(X,Yi))

4

(max(X,Yi))2

]
= (26)

1
(πλ)2

(67− 96 ln(2)), i = 2,

1
(πλ)2

(
4!

Γ(i)

(
Γ(i− 2)−

∑4
k=0

Γ(i+k−2)

k!2i+k−2

)
+

Γ(i+4)
Γ(i)

(
1− ln(2)−

∑i+1
k=0

k!
(k+2)!2k+1

))
, i ≥ 3,

Proof. See Appendix F-C.

The mean and variance of U can then be expressed by the
following lemma.

Lemma 5. If the random variables S̃ and U can be written as
S̃ = U2, then the mean and variance of U can be computed
as follows:

µU = (µ2
S̃
− σ2

S̃
/2)

1
4 , (27)

σ2
U = µS̃ −

√
µ2
S̃
− σ2

S̃
/2, (28)

where

µS̃ = µS +
2σ2

(πλ)2
, (29)

σ2
S̃
= σ2

S +
20σ4

(πλ)4
+ 2σ2E[Sr4]− 4σ2µS

(πλ)2
, (30)

and the joint moment E[Sr4] is computed using Lemma 4.

Proof. See Appendix G.

Note that a necessary condition for the relationship to hold
is the difference ∆ = µ2

S̃
− σ2

S̃
/2 ≥ 0. It implies that σ2

S̃
<

2µ2
S̃

. In other words, the overall variance of S̃ cannot be too
large compared to the mean. However, if the condition is not
satisfied, then the model used in (59) cannot satisfy the two
moment conditions in (95)-(96), and it becomes necessary to
expand this model. Therefore, if ∆ = µ2

S̃
−σ2

S̃
/2 < 0, we will

remodel S̃ as

S̃ = S + σ2r4 = U2 + V 2, (31)

where U ∼ N (µU , σ
2
U ) as before and V ∼ Exp(β) indepen-

dent of U . Knowing µU and σ2
U , and β accurately, we can

compute the coverage probability using the following lemma:

Lemma 6. If the random variable S̃ = S + σ2r4 can be
accurately modeled as U2 + V 2, where U ∼ N (µU , σ

2
U ) and

V ∼ Exp(β) independent of U , then the coverage probability
for a typical mobile can be expressed as:

P(SINR > T ) =
1√

1 + 2
Tσ2

U

σ2
0

1

β

√
πσ2

0

T
e

σ2
0

4Tβ2 erfc

(
σ0

β
√
2T

)
,

(32)
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where erfc(x) =
∫∞
x

1√
2π

e−
y2

2 dy, represents the standard
complementary error function.

Proof. See Appendix H.

Notice that now there are three unknowns µU , σ2
U , and β

that need to be determined from the two moment equations.
The extra slack provided by the third unknown can be used
to ensure that ∆ ≥ 0 in general or ∆ = 0 at best.

Lemma 7. If the random variable S̃ is expressed as
S̃ = U2 + V 2, where U ∼ N (0, σ2

U ) and V ∼ Exp( 1β ), then
the mean and variance of U can be written as follows:

µU = 0, (33)

σ2
U =

µS̃

7

(
5− 2

√
1 +

7|∆|
2µ2

S̃

)
, (34)

where ∆ = µ2
S̃

− σS̃2

2 , and β is selected as β =√
µS̃

7

(
1 +

√
1 + 7|∆|

2µS̃2

)
.

Proof. See Appendix I.

Remark 3. Notice that in our computations, whenever the
distance to the closest interferer, R2 is involved, all moments
and joint-moments originating from it such as E[Z2

2 ], E[Z4
2 ],

E[Z2
2Z

2
j ], j ≥ 3, and E[Z2

2r
4] include logarithmic terms,

which indicates the unstable behaviour caused by the dom-
inant interferer. This is also evident in (65) and (66) since the
direct moments of gi

Y 2
i

are undefined, thus making the interfer-
ence term I in (5) hard to deal with. We have circumvented this
difficulty by defining the modified interference term S in (6)
and the logarithmic terms in the moments of Z2 are a reminder
of the underlying complexities.

Finally, the computation of the coverage probability can be
summarized by the following theorem.

Theorem 1. The coverage probability of a typical mobile
receiver when the BSs are modeled by a uniform random
spatial distribution can be expressed as follows:

P(SINR > T ) = E
[
e
− T

σ2
0

S̃
]

=



1√
1+2

Tσ2
U

σ2
0

exp

− Tµ2
U

σ2
0(1+2

Tσ2
U

σ2
0

)

, ∆ ≥ 0,

1√
1+2

Tσ2
U

σ2
0

σ0
β

√
π
T
e

σ2
0

4Tβ2 erfc
(

σ0
β
√
2T

)
, ∆ < 0,

(35)

where

β =
µS̃
7

(
1 +

√
1 +

7|∆|
2µ2

S̃

)
, (36)

and the constants µS̃ and σ2
S̃

can be obtained using (29)
and (30) while µU , and σ2

U can be obtained using (27),
and (28) if ∆ ≥ 0 and (33) and (34) if ∆ < 0.

B. Special Case - Inverse Third Power Path-Loss (η = 3)

In this case, the SINR can be expressed as

SINR =
g0∑N

i=2 gi

(
r
Ri

)3
+ σ2r3

=
g0

S + σ2r3
, (37)

where S =
∑N

i=2 giZ
3
2
i with Zi = min(X,Yi)

max(X,Yi)
. We need to

evaluate E[Z
3
2
n ], E[Z3

n], and E[Z
3
2
mZ

3
2
n ] for characterizing the

statistics of S. These are provided by the following lemma.

Lemma 8. For the case when η = 3, the mean µS and
variance σ2

S of the sum S can be computed as follows:

µS =

N∑
n=2

σ2
nE[Z

3
2
n ], (38)

σ2
S =

N∑
n=2

2σ2
nE[Z

3
2
n ] +

N∑∑
m ̸=n

σmσnE[Z
3
2
mZ

3
2
n ]− µ2

s, (39)

where the required moments are obtained as follows:

E[Z
3
2
n ] =



3 + π
2

, n = 2,

6
(

1
16

(
π
4
− 1

2

)
+ 1+∑4

j=1
(−1)j

2j

(
4
j

)∑j−1
k=0

(
j−1
k

) Γ( k+1
2

)

Γ( k
2
+1)

√
π

)
, n = 3,

2n

(
1 + 3

2n+4

∑n−4
j=0

(
n−4
j

)Γ( j+1
2

)
√
π

Γ( j
2
+3)

+

n+1∑
j=1

(−1)j

2j

(
n+1
j

)j−1∑
k=0

(
j−1
k

)Γ( k+1
2

)
√
π

Γ( k
2
+1)

)
, n ≥ 4.

(40)

E[Z3
n] =



6 ln(2)− 4 , n = 2,

33 ln(2)− 91
4

, n = 3,

n
(

1
n−3

(
1− 1

2n−3

)
− 3

n−2

(
1− 1

2n−2

)
+

3
n−1

(
1− 1

2n−1

)
− 1

n

(
1− 1

2n

)
+ 3

2
−

(n+ 2) + (n+1)(n+2)
2

ln(2)+
n∑
k=1

(−1)k
(
n+2
k+2

)
1
k

(
1− 1

2k

))
, n ≥ 4.

(41)

and

E[Z
3
2
mZ

3
2
n ] = I1 + I2 + I3, m ̸= n, (42)

where

I1 =


2

3∑
k=0

Γ(m+n+k−3)
Γ(m)Γ(n)

Q(m+ k − 2, n− 2) , n > m ≥ 2,

2
3∑
k=0

Γ(m+n+k−3)
Γ(m)Γ(n)

Q(n+ k − 2,m− 2) , m > n ≥ 2,

(43)

I2 =


Γ(m+n)
Γ(m)Γ(n)

×
(Q(m+ 1, n− 2)−Q(n− 2,m+ 1)) , n > m ≥ 2,
Γ(m+n)
Γ(m)Γ(n)

×
(Q(n+ 1,m− 2)−Q(m− 2, n+ 1)) , m > n ≥ 2,

(44)



288 JOURNAL OF COMMUNICATIONS AND NETWORKS., VOL. 27, NO. 5, OCTOBER 2025

I3 =



4Γ(m+n+1)
Γ(m)Γ(n)

×(
1

2m+n+1

n−1∑
k=0

(
n−m
k

)Γ(m+ 3
2
)Γ( k+1

2
)

Γ(m+ k
2
+2)

)
×(

3
4
− m+n+2

2
+ (m+n+2)(m+n+1)

4
ln(2)+

m+n∑
k=1

(−1)k

2k

(
m+n+2
k+2

) (
1− 1

2k

))
, n > m ≥ 2,

4Γ(m+n+1)
Γ(m)Γ(n)

×(
1

2m+n+1

m−1∑
k=0

(
m−n
k

)Γ(n+ 3
2
)Γ( k+1

2
)

Γ(n+ k
2
+2)

)
×(

3
4
− m+n+2

2
+ (m+n+2)(m+n+1)

4
ln(2)+

m+n∑
k=1

(−1)k

2k

(
m+n+2
k+2

) (
1− 1

2k

))
, m > n ≥ 2,

(45)

and the function Q(i, j) is defined in Appendix J.

Proof. See Appendix C-B, Appendix C-D, and Ap-
pendix D-B for the computation of E[Z

3
2
n ], E[Z3

n], and
E[Z

3
2
mZ

3
2
n ] respectively.

The probability of coverage P(SINR > T ) = E
[
e
− T

σ2
0
S̃
]

is

given by (24). Here, S̃ is represented as follows:

S̃ = S + σ2r3 = U2, (46)

where U ∼ N (µU , σ
2
U ). The mean and variance of U can

be expressed by (27) and (28) except that µS̃ and σ2
S̃

can be
written as

µS̃ = µS +
3
√
πσ2

4(πλ)
3
2

, (47)

σ2
S̃ = σ2

S +
σ4(6− 9π/16)

(πλ)3
+ 2σ2E[Sr3]− 6µSσ

2√π
4(πλ)

3
2

. (48)

Lemma 9. The joint moment between the random variables
S and r3 can be computed as follows:

E[Sr3] =
N∑
i=2

E[gi]E
[
(min(r,Ri))

6

(max(r,Ri))3

]
, (49)

where

E
[
(min(r,Ri))

6

(max(r,Ri))3

]
=

√
π

Γ(i)(πλ)
3
2

×(
6

(
(2i− 4)!

4(i−2)(i− 2)!
−

3∑
k=0

1

k!

(2i+ 2k − 4)!

(
√
2) 8i+k−2 (i+ k − 2)!

)
+

Γ(i+ 3)

(
(
√
2− 1)−

i+2∑
k=1

1

k!

(2k − 2)!

(
√
2) 8k−1 (k − 1)!

))
, i ≥ 2.

(50)

Proof. See Appendix F-B.

C. Special Case - Inverse Quadratic Path-Loss (η = 2)

In the case of η = 2, we get

SINR =
g0∑N

i=2 gi
(
r
Ri

)2
+ σ2r2

=
g0

S + σ2r2
, (51)

where S =
∑N

i=2 giZi with Zi = min(X,Yi)/max(X,Yi).
The required quantities for evaluating the statistics of S are

E[Zn], E[Z2
n], and E[ZmZn],m ̸= n for m,n = 2, 3, · · ·, N .

These can be summarized in the following lemma.

Lemma 10. For the case when η = 2, the mean µS and
variance σ2

S of the sum S can be computed as follows:

µS =

N∑
n=2

σ2
nE[Zn], (52)

σ2
S =

N∑
n=2

2σ2
nE[Z

2
n] +

N∑∑
m ̸=n

σmσnE[ZmZn]− µ2
s, (53)

where the first moment, second moment, and joint moments
of Zn, are obtained as follows:

E[Zn] =


2 ln(2)− 1 , n = 2,

n
(

1
n−1

(
1− 1

2n−1

)
− 1

n

(
1− 1

2n

)
+ ln(2)+∑n

k=1(−1)k
(
n
k

)
1
k

(
1− 1

2k

)
, n ≥ 2,

(54)

E[Z2
n] is as given in (16) and,

E[ZmZn] = I1 + I2 + I3, m ̸= n, (55)

where

I1 =



1
Γ(m)Γ(n−1)

∑n−2
j=0

Γ(j+m−1)

k!2j+m−1 ×∑j+m−2
k=0

2k(k+1)(k+2)

3k+3 , n > m ≥ 2,
1

Γ(n)Γ(m−1)

∑m−2
j=0

Γ(j+n−1)

k!2j+n−1 ×∑j+n−2
k=0

2k(k+1)(k+2)

3k+3 , m > n ≥ 2,

(56)

I2 =



1
Γ(m)(n−1)

∑n−2
j=0

1
2j+1×∑j

k=0
(k+j)!
k!

1
3m+1

(
2
3

)k , n > m ≥ 2,
1

Γ(n)(m−1)

∑m−2
j=0

1
2j+1×∑j

k=0
(k+j)!
k!

1
3n+1

(
2
3

)k , m > n ≥ 2,

(57)

and

I3 =



mn
(
1− ln(2)−

∑n−2
k=0

1
(k+1)(k+2)2k+1−∑m

j=0
Γ(n+j+1)

j!Γ(n+1) 2n+j+1×(
2− ln(3)−

∑n+j−2
k=0

2(2/3)k+1

(k+1)(k+2)

))
, n > m ≥ 2,

nm
(
(1− ln(2))−

∑m−2
k=0

1
(k+1)(k+2)2k+1−∑n

j=0
Γ(m+j+1)

j!Γ(m+1) 2m+j+1×(
2− ln(3)−

∑m+j−2
k=0

2(2/3)k+1

(k+1)(k+2)

))
, m > n ≥ 2,

(58)

Proof. See Appendix C-A, Appendix C-C, and Ap-
pendix D-A for the computation of E[Zn], E[Z2

n], and
E[ZmZn] respectively.

Using a similar argument as before, P(SINR > T ) =

E
[
e
− T

σ2
0
S̃
]

, where S̃ is represented as follows:

S̃ = S + σ2r2 = U2, (59)

where U ∼ N (µU , σ
2
U ). Knowing µU and σ2

U in this specific
case, P(SINR > T ) can be computed as in (24) (Lemma 3).
The final step is to express the µU and σ2

U in terms of µS

and σ2
S , and E[Sr2], where the joint moment between S and

r2 can be evaluated using the following lemma. Although the
mean and variance of U in (59) can be expressed as in (27)
and (28), µS̃ and σ2

S̃
there are different and they can be written

as

µS̃ = µS +
σ2

πλ
, (60)
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σ2
S̃ = σ2

S +
σ4

(πλ)2
+ 2σ2E[Sr2]− 2µSσ

2

πλ
. (61)

Lemma 11. The joint moment between the random variables
S and r2 can be computed as follows:

E[Sr2] =
N∑
i=2

E[gi]E
[
(min(X,Yi))

2

max(X,Yi)

]
, (62)

where

E
[
(min(X,Yi))

2

max(X,Yi)

]
=

2

πλ

(
1

(i− 1)
− 1

Γ(i)

2∑
k=0

Γ(i+ k − 1)

k! 2i+k−1

)
+

i(i+ 1)

πλ

(
ln(2)−

i+1∑
k=1

1

k 2k

)
, i ≥ 2. (63)

Proof. See Appendix F-A.

V. SIMULATION RESULTS

In this section, we validate our analysis with the help of
simulations as well as compare the results with the widely
accepted SG expressions.

A. Simulation Setup

We simulate a 100 km × 100 km area in which base
stations (BSs) are deployed according to a PPP with density
λ BS/km2. In our default setup, we consider BS densities of
λ = 0.01, 0.1, and 1, which are commonly used in literature
for evaluating sparse to moderately dense deployments [15],
[30]. For extremely dense networks, where near-field effects
are significant, more complex models are required (e.g., multi-
slope [32] and stretched exponential [7] path-loss), which are
beyond the scope of this paper. The PPP assumption ensures
that BSs are distributed randomly and independently in the
simulation area, representing realistic network layouts [33].
Each mobile user is assumed to be associated with its nearest
BS. The channel between the user and the serving BS is
assumed to experience Rayleigh fading (i.e., exponentially
distributed channel power gain) with unit variance σ2

0 = 1,
while the channel power gains for interfering BSs are also set
to follow independent exponential distributions with variances
σ2
i = 1,∀i ≥ 2 [30]. The receiver antenna gain is set to 0 dB,

which is typical for mobile handsets. The thermal noise power
is modeled with different levels of signal-to-noise ratio (SNR)
to evaluate the system under various interference and noise
conditions. We use three cases of SNR values: 0 dB, 10 dB,
and 20 dB, which correspond to noise powers of 1 watt, 0.1
watt, and 0.01 watts, respectively. These values are chosen
to simulate a range from noise-limited to interference-limited
scenarios, which are commonly considered in the literature [4].
Assuming a bandwidth of 10 MHz, σ2 = 0.01, 0.1, and 1 W
correspond to a noise power spectral density of -90 dB/Hz,
-80 dB/Hz, and -70 dB/Hz respectively, which is a standard
assumption in performance analysis of wireless networks [34].
The total number of considered BSs, N , is chosen to be the
average number of BSs in the simulation area, i.e., N = 104λ.
To capture accurate statistical results, each simulation is re-
peated for 105 iterations, and the CCDF of the received SINR
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Fig. 2. Comparison of coverage expression for varying number of BSs.
As more number of interfering BSs are considered in the calculations, the
computation converges to the simulated values asymptotically.

at the typical user is recorded. Coverage probability is then
computed as the average of the SINR CCDF over all iterations.
Path-loss is modeled using the standard power-law path-
loss function with exponents η = 2, 3, and 4, representing
different propagation environments from free space to urban
settings [20]. We compare the results of our proposed model
with both SG based results and Monte Carlo simulations to
validate its accuracy across various settings. We have done
an extensive investigation of the accuracy of our proposed
model with different λ, σ2, and T . Our model is more
general and allows for consideration of interferers separately.
While the order statistics may make the analysis complicated,
we circumvent this difficulty by just requiring the moments
and the joint moments. Although the proposed approach is
computationally intensive, the computations are only required
to obtain constants involved in the model. In practice, these
constants can be pre-computed and tabulated for different
networks of interest.

B. Results and Discussion

Since the coverage probability curves fundamentally depend
on λ and σ2, we have to ensure that the results of the proposed
approach agree with the simulations across a range of these
parameters. In this section, we first investigate the goodness
of fit of our proposed expression for coverage probability
in Poisson wireless networks and then compare it with the
baseline SG results. Fig. 2 shows the coverage probability for
the case of η = 4 and without noise. It can be observed that our
proposed probabilistic approach asymptotically approaches the
simulation and established SG results as we include more and
more interferers into the analysis. It is important to note that
the analysis of the noise-free case is independent of λ. This is
evident from the fact that both the parameters σ2 and λ appear
together in all the expressions. Hence if σ2 = 0, then λ has
no effect on the coverage probability. In other words, there is
a saturation in the performance and it doesn’t change whether
the density of nodes in the network increases or decreases.

Fig. 3, Fig. 4, and Fig. 5 illustrate the down-link coverage
probability of a typical user in a cellular network assuming a
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Fig. 3. Probability of coverage for the case η = 4 for various BS density and SNR levels.

path-loss exponent η = 4, 3, and 2 respectively for various
values of the BS density λ and the noise power σ2 (or
equivalently the SNR). It is shown that in almost all cases,
the results emanating from our proposed approach match very
well with simulations and the well established SG results. Note
that we stage a direct comparison to the SG results for η = 4
against our approach in Fig. 3. Some of the key observations
from the results are as follows:

1) N = 2 provides the best case scenario when only the
nearest interferer is considered. This can be considered
a conservative upper bound on the average system
performance since it considers only the most dominant
interferer.

2) Noise-free performance does not depend on the density
λ. In other words, without noise, the coverage does
not change by increasing or decreasing the base station
density. This is evident from the right column graphs in
Fig. 3, Fig. 4, and Fig. 5 that are almost identical due
to the saturation.

We notice a slight inaccuracy in the model when the BS
density is low and the SNR is low. It is only natural to have
lower probability of coverage in scenarios when the BSs are
sparsely located and the noise is high. However, our proposed
model still accurately predicts the simulated values. A detailed
analysis of the inaccuracy region as well as its quantification
is provided in Fig. 6 and Fig. 7, reflecting the discrepancies
with simulation for varying density of BS and noise power
respectively.

C. Comparison with Existing SG Results
A widely cited result from SG provides an analytical

expression for the coverage probability in Poisson wireless
networks. This expression, adapted from [30] using consistent
notation, is given as:

Po
η=4
= λ

π
3
2√

Tσ2
0σ

2
exp

(
λ2π2κ2(T )

4Tσ2
0σ

2

)
erfc

(
λπκ(T )√
2b(T )

)
, (64)

where κ(T ) = 1 +
√
T (π/2− arctan(1/

√
T )).

This expression forms the benchmark for SINR-based cov-
erage analysis in PPP-modeled networks. However, it is char-
acterized by a complex combination of system parameters and
nested functional forms, which makes it difficult to use directly
in system-level optimization problems (e.g., power allocation,
frequency reuse planning). Such expressions are not easily
interpretable and often require numerical evaluation, obscuring
the structural dependencies between coverage probability and
system parameters.

In contrast, our proposed approach yields closed-form
expressions based on moment-based approximations. These
expressions explicitly reveal the contribution of each interferer
through modular computations of their respective moments
and joint moments. This modularity enables not only deeper
insight into the coverage behavior but also provides a prac-
tical means for system-level analysis and optimization, since
the required statistical quantities (e.g., means, variances, and
covariances) can be precomputed and tabulated for different
network configurations. Moreover, our method remains valid
across different path-loss exponents without incurring singu-
larities that often arise in SG analysis, especially in the case
of η = 2, where the integrals diverge or become undefined.
By reformulating the interference term and introducing more
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Fig. 4. Probability of coverage for the case η = 3 for various BS density and SNR levels.

stable random variables (e.g., Zi), we circumvent such sin-
gularities while preserving accuracy, as demonstrated in our
derived results and simulations.

VI. CONCLUSION

In this paper, we tackle the classical coverage problem in
uniform random wireless networks, which is well-studied and
the methodology is extended to multiple wireless and cellular
network configurations. We provide an alternative and modular
approach to determining the cumulative distribution function
of the SINR by accurately capturing the statistics of the modi-
fied interference term. We have provided complete derivations
for the case of uniformly random wireless cellular networks
focusing on three cases of path-loss exponent-quadratic, cubic,
and quartic-to illustrate this approach. Our theoretical results
have been validated through simulations and asymptotically
agree to the widely accepted stochastic geometry results. The
analysis methodology we present can allow wireless engineers
to take the next step in designing systems with performance
guarantees. The simple evaluation of coverage probability can
be used in the optimization problems and the effect of different
system parameters on the performance can be analyzed. In
the future, more complex network models such as multi-tier
networks can also be studied using the probabilistic approach.

APPENDIX A
PROOF OF UNDEFINED MOMENTS

Considering the fourth power loss case, i.e., η = 4 for the
SINR, where I =

∑N
i=2 giR

−4
i =

∑N
i=2 giY

−2
i , it can be

shown that g2/R4
2 = g2/Y

2
2 is not well defined in terms of its

moments.

E
[
g2
Y 2
2

]
=

∫ ∞

0

g

σ2
2

e
− g

σ2
2 dg

∫ ∞

0

(λπ)2

y2
ye−λπydy,

=

∫ ∞

0

g

σ2
2

e
− g

σ2
2 dg

∫ ∞

0

1

x
e−xdx→ ∞, (65)

since
∫∞
0

1
xe

−xdx → ∞. Similarly,

E
[
g22
Y 4
2

]
=

∫ ∞

0

g2

σ2
2

e
− g

σ2
2 dg

∫ ∞

0

(λπ)2

y4
ye−λπydy,

=

∫ ∞

0

g

σ2
2

e
− g

σ2
2 dg(λπ)2

∫ ∞

0

1

x3
e−xdx→ ∞. (66)

Hence the summation
∑N

i=2 giR
−4
i does not have finite

moments. This also holds for generalized η ≥ 2.

APPENDIX B
PROOF OF LEMMA 1

Consider Zi = min(X,Yi)/max(X,Yi), where X ∼ Exp(πλ)
independent of Yi ∼ Gamma(i, σ2

i ).

FZi(z) = P(Zi ≤ z) = P
(
X

Yi
≤ z,X ≤ Yi

)
+ P

(
Yi
X

≤ z,X > Yi

)
,

= 1−
∫ ∞

0

∫ y/z

yz

fX(x)fYi(y)dxdy. (67)

Differentiating the distribution function and substituting the
density functions of X and Yi, we get

fZ(z) =

∫ ∞

0

y

z2
πλe−

πλy
z

(πλ)iyi−1

Γ(i)
e−πλydy+∫ ∞

0

πλye−πλyz
(πλ)iyi+1

Γ(i)
e−λπydy,

=
(πλ)i+1

Γ(i)z2

∫ ∞

0

yie−πλy(1+
1
z
)dy+
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Fig. 5. Probability of coverage for the case η = 2 for various BS density and SNR levels.
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Fig. 7. Comparison of coverage probability for varying channel noise power.

∫ ∞

0

(πλ)i+1

Γ(i)
yie−λπy(1+λπz)dz. (68)

Substituting u = λπy(1+ 1
z ) and v = λπy(1+z) in the above

integrals and using the result
∫∞
0

uie−udu = Γ(n+ 1) = n!,
we get fZi

(z) = i
(

1
z2(1+1/z)i+1 + 1

(1+z)i+1

)
= i(1+zi−1)

(1+z)i+1 ,

0 ≤ z ≤ 1, i ≥ 2.

APPENDIX C
PROOF OF MOMENTS COMPUTATION OF Zn

A. Proof of E[Zn]

E[Zn] = n

∫ 1

0

z + zn

(1 + z)n+1
dz = n

∫ 2

1

(x− 1) + (x− 1)n

xn+1
dx,

= n

∫ 2

1

(
1

xn
− 1

xn+1
+

1

x
+

n∑
k=1

(
n

k

)
xn−k(−1)k

xn+1

)
dx,

(69)

which simplifies to the result shown in (55).

B. Proof of E[Z
3
2
n ]

E[Z
3
2
n ] = n

∫ 1

0

z
3
2 (1 + zn−1)

(1 + z)n+1
dz,

= n

(∫ 1

0

z
3
2

(1 + z)n+1
dz +

∫ 1

0

zn+
1
2

(1 + z)n+1
dz

)
. (70)

Let z = tan2 θ so that

E[Z
3
2
n ] = 2n

(∫ π
4

0

(
sin4 θ

) (
cos2(n−2) θ

)
dθ +

∫ π
4

0

sin2n+2 θ

cos2 θ
dθ

)
.

(71)

The first integral, i.e.,
∫ π

4

0

(
sin4 θ

) (
cos2(n−2) θ

)
dθ, can be

computed as∫ π
4

0

(
sin4 θ

) (
cos2(n−2) θ

)
dθ

=

∫ π
4

0

(
1− cos(2θ)

2

)2(
1 + cos(2θ)

2

)n−2

dθ,
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=
1

2n+1

∫ π
2

0

sin4 ψ(1 + cosψ)n−4dψ,

=
1

2n+1

n−4∑
k=0

(
n− 4

k

)∫ π/2

0

sin4 θ cosk θdθ,

=
3

2n+4

n−4∑
k=0

(
n− 4

k

)√
π Γ

(
k+1
2

)
Γ
(
k
2
+ 3
) , (72)

where we have used the identity∫ π/2

0

(
sinm−1 θ

) (
cosm−1 θ

)
dθ =

Γ(m
2 )Γ(

n
2 )

2Γ(m+n
2 )

. The second

integral,
∫ π

4

0
sin2(n+1) θ

cos2 θ dθ, can be computed as follows:

∫ π
4

0

sin2(n+1) θ

cos2 θ
dθ =

∫ π
4

0

(1− cos2 θ)(n+1)

cos2 θ
dθ,

=

∫ π
4

0

1

cos2 θ
dθ +

n+1∑
k=1

(−1)k
(
n+ 1

k

)∫ π/4

0

cos2(k−1) θdθ,

= 1 +

n+1∑
k=1

(−1)k
(
n+ 1

k

)(
k−1∑
m=0

1

2k−1

(
k − 1

m

)∫ π/4

0

cosm(2θ)dθ

)
,

= 1 +

n+1∑
k=1

(−1)k
1

2k

(
n+ 1

k

)
1

2k

k−1∑
m=0

(
k − 1

m

)
Γ
(
m+1

2

)
Γ
(
m
2
+ 1
)√π.

(73)

Combining these results, we get the expression provided in
Lemma 8. For n = 2 and n = 3, we have to compute the
integral separately.

C. Proof of E[Z2
n]

The second moment of Zn can be computed as follows:

E[Z2
n] =

∫ 1

0

z2fZn(z)dz =

∫ 1

0

n(z2 + zn+1)

(1 + z)n+1
dz,

= n

∫ 2

1

(
(x− 1)2

xn+1
+

(x− 1)n+1

xn+1

)
dx. (74)

Now,

(x− 1)2

xn+1
+
(x− 1)n+1

xn+1
=

1

xn−1
− 2

xn
+

1

xn+1
+

n+1∑
k=0

(−1)k
(
n+ 1

k

)
1

xk
,

=
1

xn−1
− 2

xn
+

1

xn+1
+ 1− (n+ 1)

x

+

n∑
m=1

(−1)m+1

(
n+ 1

m+ 1

)
1

xm+1
, (75)

so substituting above and integrating term by term gives

E[Z2
n] = n

(
1− (n+ 1) ln(2) +

1

n− 2

(
1− 1

2n−2

)
− 2

n− 1

(
1− 1

2n−1

)
+

1

n

(
1− 1

2n

)
+

n∑
k=1

(−1)k+1

k

(
n+ 1

k + 1

)(
1− 1

2k

))
, n ≥ 3. (76)

For n = 2, E[Z2
2 ] =

∫ 1

0
2z2

(1+z)2 dz =
∫ 2

1
2(x−1)2

x2 dx =

2
(∫ 2

1
(1− 2

x + 1
x2 )dx

)
= 3− 4 ln(2).

D. Proof of E[Z3
n]

The third moment of Zn can be evaluated as follows:

E[Z3
n] = n

∫ 1

0

z3(1 + zn−1)

(1 + z)n+1
dz,

= n

∫ 1

0

(
z2

(1 + z)n+1
+

zn+2

(1 + z)n+1

)
dz,

= n

∫ 2

1

(
(x− 1)3

xn+1
+

(x− 1)n+2

xn+1

)
dx,

= n

∫ 2

1

(
x3 − 3x2 + 3x− 1

xn+1
+

n+2∑
k=0

(
n+ 2

k

)
(−1)k

xn+2−k

xn+1

)
dx. (77)

Integrating the terms above individually results in (41)
(Lemma 8) for the general case of n ≥ 4. The cases n = 2
and n = 3 need to be computed separately and have been
omitted for brevity.

E. Proof of E[Z4
n]

The fourth moment of Zn can be computed as follows:

E[Z4
n] = n

(∫ 1

0

z4 + zn+3

(1 + z)n+1
dz

)
,

= n

(∫ 2

1

(x− 1)4

xn+1
dx+

∫ 2

1

(x− 1)n+3

xn+1
dx

)
. (78)

Now, the second term integrates to

Q(n) =

∫ 2

1

(x− 1)n+3

xn+1
dx =

∫ 2

1

n+3∑
k=0

(
n+ 3

k

)
(−1)k

xn+3−k

xn+1
dx,

=

n+3∑
k=0

(
n+ 3

k

)
(−1)k

∫ 2

1

1

xk−2
dx,

=

∫ 2

0

x2 − (n+ 3)x+
(n+ 3)(n+ 2)

2

− (n+ 3)(n+ 2)(n+ 1)

x
+

n+3∑
k=4

(
n+ 3

k

)
(−1)k

xk−2
dx,

=
7

3
− 3

2
(n+ 3) +

(n+ 3)(n+ 2)

2
−

(n+ 3)(n+ 2)(n+ 1)

6
ln(2)+

n∑
k=1

(
n+ 3

k + 3

)
(−1)k+1

k

(
1− 1

2k

)
. (79)

Q(n) above is generic and appears in all E[Z4
n], n ≥ 2. The

first term in (78) is different for E[Z4
2 ], E[Z4

3 ], E[Z4
4 ], and

E[Z4
n], n ≥ 5 and needs to be computed separately, whose

results are shown in (17).

APPENDIX D
PROOF OF JOINT MOMENT CALCULATIONS

A. Joint Moment of Zn

For the case of m > n, m ̸= n, we can write

E[ZmZn] = E
[
min(X,Ym)

max(X,Ym)

min(X,Yn)

max(X,Yn)

]
= E

[
X2

YmYn
|X < Ym < Yn

]
+
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E
[
Ym
Yn

|Ym < X < Yn

]
+ E

[
YmYn
X2

|Ym < Yn < X

]
= I1 + I2 + I3, (80)

where
I1 = E

(
X2

YmYn
|X < Ym < Yn

)
=

∫ ∞

0

x2e−x
∫ ∞

x

ym−2

Γ(m)
e−y

∫ ∞

y

zn−2

Γ(n)
e−zdxdydz,

=
Γ(n− 1)

Γ(m)Γ(n)

∫ ∞

0

x2e−x
n−2∑
j=0

Γ(m+ j − 1)

j! 2m+j−1

∫ ∞

2x

ym+j−2e−ydydx,

=
1

Γ(m)Γ(n− 1)

n−2∑
j=0

Γ(j +m− 1)

k! 2j+m−1

j+m−2∑
k=0

2k(k + 1)(k + 2)

3k+3
.

(81)

The proofs for I2 and I3 can be obtained in a similar way
and have thus been omitted for brevity.

B. Joint Moment of Z
3
2
n

For the case of m > n, m ̸= n, we can write

E[Z
3
2
mZ

3
2
n ]

= E
[

r6

R3
mR3

n

|r < Rm < Rn

]
+ E

[
R3
m

R3
n

|Rm < r < Rn

]
+ E

[
R3
mR

3
n

r6
|Rm < Rn < r

]
= I1 + I2 + I3,

where

I1 =
4

Γ(i)Γ(j)

∫ ∞

0

z2(j−2)e−z
2

3∑
k=0

1

k!

∫ z

0

y2(i+k−2)e−2y2dzdy,

=
4

Γ(i)Γ(j)

3∑
k=0

1

k!

∫ π/4

0

cos2(j−2) θ sin2(i+k−2) θ

×
∫ ∞

0

r2(i+j+k−4)+1e−r
2(1+sin2 θ)drdθ,

= 2

3∑
k=0

Γ(i+ j + k − 3)

Γ(i)Γ(j)

∫ π
4

0

cos2(j−2) θ sin2(i+k−2) θ

(1 + sin2 θ)i+j+k−3
dθ,

= 2

3∑
k=0

Γ(i+ j + k − 3

Γ(i)Γ(j)
Q(i+ k − 2, j − 2), j > i ≥ 2, (82)

with Q(i, j) as defined in Appendix J. Similarly,

I2 =

∫ ∞

0

1

z3
2z2j−1

Γ(j)
e−z

2

dz

∫ z

0

2xe−x
2

dx

∫ x

0

y3
2y2i−1

Γ(i)
e−y

2

dy,

=
4

Γ(i)Γ(j)
× (83)∫ ∞

0

∫ z

0

z2(j−2)y2(i+1)
(
e−(2y2+z2) − e−(y2+2z2)

)
dydz,

=
4

Γ(i)Γ(j)

∫ π
4

0

cos2(j−2) θ sin2(i+1) θ

∫ ∞

0

r2(i+j−1)+1 (84)

×
(
e−r

2(1+sin2 θ) − e−r
2(1+cos2 θ)

)
drdθ,

=
Γ(i+ j)

Γ(i)Γ(j)

(∫ π
4

0

cos2(j−2) θ sin2(i+1) θ

(1 + sin2 θ)
dθ−

∫ π
2

0

cos2(i+1) θ sin2(j−2) θ

(1 + sin2 θ)i+j
dθ

)
,

=
Γ(i+ j)

Γ(i)Γ(j)
(Q(i+ 1, j − 2)−Q(j − 2, i+ 1)) , j > i ≥ 2,

(85)

and

I3 =

8

Γ(i)Γ(j)

∫ ∞

0

1

x5
e−x

2

dx

∫ x

0

z2(j+1)e−z
2

dz

∫ z

0

y2(i+1)e−y
2

dy,

=
8

Γ(i)Γ(j)

∫ π
4

0

sin2(i+1) ψ sin2(j+1) ψdψ ×∫ π
2

0

sin2(i+j+2)+1 θ

cos5 θ
dθ

∫ ∞

0

r2(i+j)+1e−r
2

dr,

=
1

2i+j+4

j−i∑
k=0

(
j − i

k

)
Γ(i+ 3

2
)Γ( k+1

2
)

Γ(i+ 2 + k
2
)
, j > i ≥ 2. (86)

Combining I1, I2, and I3 leads to the result provided in (40).

C. Joint Moments of Z2
n

The joint moment of Z2
m and Z2

n for m ̸= n can be
computed as follows:

E
(
Z2
mZ

2
n

)
= E

(
x2

y2m

x2

y2n

∣∣∣x < Rm < Rn

)
+ E

(
y2m
x2

x2

y2n

∣∣∣Rm < x < Rn

)
+ E

(
y2m
x2

y2n
x2

∣∣∣Rn < x

)
,

= E
(

x4

y2my2n

∣∣∣x < Rm < Rn

)
+ E

(
y2m
y2n

∣∣∣Rm < x < Rn

)
+ E

(
y2my

2
n

x4

∣∣∣Rn < x

)
= I1 + I2 + I3, (87)

where

I1 =

∫ ∞

0

x4fX(x)

∫ ∞

x

1

y2
fYm(y)

∫ ∞

y

1

z2
fYn(z)dzdydx,

n ̸=2
=

∫ ∞

0

x4(λπ)e−λπx
∫ ∞

x

(λπ)mym−2

Γ(m)
e−λπy×∫ ∞

y

(λπ)nzn−2

Γ(n)
e−λπzdzdydx,

m≥3
= (λπ)3

Γ(n− 2)

Γ(n)

∫ ∞

0

x4e−λπx×∫ ∞

x

(λπ)mym−2

Γ(m)
e−λπy

n−3∑
j=0

(λπ)je−λπy

j!
dydx,

= (λπ)3
Γ(n− 2)

Γ(n)

∫ ∞

0

x4e−λπx×

n−3∑
j=0

∫ ∞

x

(λπ)m+jym+j−3

Γ(m)j!
e−2λπydydx,

= (λπ)5
Γ(n− 2)

Γ(m)Γ(n)

∫ ∞

0

x4e−λπx
n−3∑
j=0

∫ ∞

x

(2πλ)m+j−2

2m+j−2j!
×

ym+j−3e−2λπydydx,

= (λπ)5
Γ(n− 2)

Γ(m)Γ(n)

n−3∑
j=0

Γ(m+ j − 2)

Γ(j + 1)

m+j−3∑
k=0

(2λπ)k

k!
×∫ ∞

0

x4e−3λπxdx,

=
Γ(n− 2)

Γ(m)Γ(n)

n−3∑
j=0

Γ(m+ j − 2)

k! 2m+j−2

m+j−3∑
k=0

(k + 4)!

k! 35

(
2

3

)k
. (88)

Similarly,

I2 =

∫ ∞

0

y2fYm(y)

∫ ∞

y

fX(x)

∫ ∞

x

1

z2
fYn(z) dz dx dy,
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=

∫ ∞

0

y2 · y
m−1e−y

Γ(m)

∫ ∞

y

e−x
∫ ∞

x

zn−3e−z

Γ(n)
dz dx dy,

=
Γ(n− 2)

Γ(m)Γ(n)

∫ ∞

0

ym+1e−y
∫ ∞

y

e−x
(∫ ∞

x

zn−3e−z

Γ(n− 2)
dz

)
dx dy,

=
Γ(n− 2)

Γ(m)Γ(n)

∫ ∞

0

ym+1e−y
∫ ∞

y

e−x
(
n−3∑
k=0

xk

k!
e−x

)
dx dy,

=
Γ(n− 2)

Γ(m)Γ(n)

∫ ∞

0

ym+1e−y
n−3∑
j=0

∫ ∞

y

xj

j!
e−2xdx dy,

=
1

Γ(m)(n− 1)(n− 2)

n−3∑
j=0

1

2j+1

j∑
k=0

2k

k!

Γ(m+ k + 2)

3m+k+2
, (89)

and

I3 =

∫ ∞

0

y2fYm(y)

∫ ∞

y

z2fYn(z)

∫ ∞

z

1

x4
fX(x) dx dz dy,

=

∫ ∞

0

y2 · y
m−1e−y

Γ(m)

∫ ∞

y

z2 · z
n−1e−z

Γ(n)

∫ ∞

z

1

x4
e−xdx dz dy,

=
1

Γ(m)Γ(n)

∫ ∞

0

1

x4
e−x

∫ x

0

zn+1e−z
∫ z

0

ym+1e−ydy dz dx,

=
Γ(m+ 2)

Γ(m)Γ(n)

∫ ∞

0

1

x4
e−x

∫ x

0

zn+1e−z
∫ z

0

ym+1e−y

Γ(m+ 2)
dy dz dx,

= mn(m+ 1)(n+ 1)

∫ ∞

0

1

x4

(
e−x − e−2x − xe−2x − x2

2
e−2x

− x3

6
e−2x

)
dx−

n−3∑
k=0

1

(k + 4)!

∫ ∞

0

xke−2xdx,

= mn(m+ 1)(n+ 1)

(
1

36
(5− 6 ln(2))−

n−3∑
k=0

k!

(k + 4)!2k+1

)
−

m(m+ 1)

Γ(n)

n+1∑
j=0

Γ(n+ j + 2)

k! 2n+j+2

(
4

9
− 1

6
ln(2)−

n+j−3∑
k=0

2k+4 m!

(k + 4)!3k+1

)
.

(90)

The cases of m = 2, n = 3 and m = 2, n > 3 and their flipped
counterparts can be computed separately and have been omitted for
brevity.

APPENDIX E
PROOF OF LEMMA 3

The coverage probability when S̃ is modeled as U2, where U ∼
N (µU , σ

2
U ), can be computed as follows:

P(SINR > T ) = E[e
− T

σ2
0

U2

],

=

∫ ∞

−∞
e
− T

σ2
0

u2 1√
2πσ2

U

e−(u−µ2
U )/(2σ2

U )du,

=
e
−

µ2
U

2σ2
U√

2σ2
U

∫ ∞

−∞
e
−

1+2Tσ2
U/σ2

0
2σ2

U

(u2− 2µUu

1+2aσ2
U

)

du,

=
1√

1 + 2Tσ2
U/σ

2
0

e
−

Tµ2
U

σ2
0+2Tσ2

U . (91)

APPENDIX F
JOINT MOMENT BETWEEN S AND rη

A. Derivation of E[Sr2]
The joint moment between S and r2 can be computed as E[Sr2] =∑N
i=2 E[gi]E

[
(min(X,Yi))

2

max(X,Yi)

]
, where

E
[
(min(X,Yi))

2

max(X,Yi)

]
= E

[
X2

Yi

∣∣∣X < Yi

]
+ E

[
Y 2
i

X

∣∣∣X > Yi

]
,

=

∫ ∞

0

(πλ)iyi−1

yΓ(i)
e−λπy

∫ y

0

x2(λπ)e−λπxdydx

+

∫ ∞

0

(πλ)

xΓ(i)
e−λπx

∫ x

0

y2(λπ)iyi−1

Γ(i)
e−λπydxdy,

=
(πλ)i+1

Γ(i)

(
2

(πλ)3

∫ ∞

0

yi−2e−λπy
(
1−

2∑
k=0

(πλ)k

k!
e−λπy

)
dy

)

+
Γ(i+ 2)

(πλ)i+2

(∫ ∞

0

1

x
e−λπx

(
1−

i+1∑
k=0

(λπx)k

k!
e−λπx

)
dx

)
,

=
2

(λπ)

(
1

i− 1
− 1

Γ(i)

2∑
k=0

Γ(i+ k − 1)

k!2i+k−1

)

+
i(i+ 1)

λπ

(
ln(2)−

i+1∑
k=1

1

k2k

)
, i ≥ 2. (92)

B. Derivation of E[Sr3]
The joint moment between S and r3 can be computed as E[Sr3] =∑N
i=2 E[gi]E

[
(min(r,Ri))

6

(max(X,Ri))3

]
, where

[
(min(r,Ri))

6

(max(X,Ri))3

]
= E

[
r6

R3
i

|r < Ri

]
+ E

[
R6
i

r3
|Ri > r

]
,

=

∫ ∞

0

12

y3
(λπ)i

y2i−1

Γ(i)
e−λπy

2
∫ y

0

r6(2λπ)e−λπr
2

dydr

+

∫ ∞

0

1

r3
(2λπr)e−λπr

2
∫ r

0

y6
2(λπ)iy2i−1

Γ(i)
drdy,

=
2

Γ(i)(πλ)
3
2

×

(
3!

(∫ ∞

0

y2(i−2)e−y
2

dy −
3∑
k=0

1

k!

∫ ∞

0

y2(i+k−2)e−2y2dy

)
+ Γ(i+ 3)

×

(∫ ∞

0

1

x2
(e−x

2

− e−2x2)dx−
i+2∑
k=1

1

k!

∫ ∞

0

x2(k−1)e−2x2dx

)
.

(93)

It can be shown that
∫∞
0
y2(i−2)e−y

2

dy = π

22(i−2)+1

(2i−4)!
(i−2)!

,∫∞
0
y2(i+k−2)e−2y2dy =

√
2π

23(i+k−2)+2

(2i+2k−4)!
(i+k−2)!

,∫∞
0

e−x2
−e−2x2

x2
dx = (

√
2 − 1)

√
π, and

∫∞
0
x2(k−1)e−2x2dx =√

2π(2k−2)!

23(k−1)+2(k−1)!
. Combining these lead to the result provided in (50).

C. Derivation of E[Sr4]
The joint moment between S and r4 can be computed as E[Sr4] =∑N
i=2 E[gi]E

[
(min(X,Yi))

4

(max(X,Yi))2

]
, where

E
[
(min(X,Yi))

4

(max(X,Yi))2

]
= E

[
X4

Y 2
i

∣∣∣X < Yi

]
+ E

[
Y 4
i

X2

∣∣∣X > Yi

]
,

=

∫ ∞

0

1

y2
(πλ)i

yi−1

Γ(i)
e−λπydy

∫ y

0

x4(πλ)e−λπxdx+∫ ∞

0

1

x2
(πλ)e−πλxdx

∫ x

0

y4
(πλ)iyi−1

Γ(i)
e−πλydy,

=
(πλ)i+1

Γ(i)

(
4!

(πλ)5

∫ ∞

0

yi−3e−πλy
(
1−

4∑
k=0

(πλy)k

k!
e−πλy

)
dy,
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+
Γ(i+ 4)

(πλ)i+4

∫ ∞

0

1

x2
e−πλx

(
1−

i+3∑
k=0

(πλx)k

k!
e−πλx

)
dx

)
,

=
1

(πλ)2

(
4!

Γ(i)

(
Γ(i− 2)−

4∑
k=0

Γ(i+ k − 2)

k!2i+k−2

)
+

Γ(i+ 4)

Γ(i)

(
1− ln(2)−

i+1∑
k=0

k!

(k + 2)!2k+1

))
, i ≥ 3.

(94)

The special case of i = 2 needs to be computed separately and can
be done directly to obtain E

[
(min(X,Y2))

4

(max(X,Y2))2

]
= 1

(πλ)2
(67−96 ln(2)).

APPENDIX G
PROOF OF LEMMA 5

We can take advantage of the properties of Gaussian moments
in (59). Since U is Gaussian with mean µU and variance σ2

U , the
relationship between the mean and variances of S and U can be
obtained using the following [35]:

µS̃ = E[U2] = σ2
U + µ2

U , (95)

σ2
S̃ = E[U4]− (σ2

U + µ2
U )

2 = µ4
U + 6µ2

Uσ
2
U + 3σ4

U − (σ2
U + µ2

U )
2.

(96)

Solving the above set of equations for µU and σ2
U lead to the

results provided in (27) and (28) respectively. Note that µS̃ = E[S+
σ2r4] = µS + σ2E[r4]. Since r2 is Exponentially distributed with
mean 1

πλ
, hence µS̃ = µS+

2σ2

(πλ)2
. Similarly, σ2

S̃
= Var(S+σ2r4) =

σ2
S + σ4Var(r4) + 2σ2Cov(S, r4). It results in σ2

S̃
= σ2

S + 20σ4

(πλ)4
+

2σ2E[Sr4]− 4σ2µS
(πλ)2

.

APPENDIX H
PROOF OF LEMMA 6

The coverage probability when S̃ is modeled as U2 + V 2, where
U ∼ N (µU , σ

2
U ) and V ∼ Exp(β) independently of U , can be

computed as follows:

P(SINR > T ) = E
[
e
− T

σ2
0

(U2+V 2)
]
= E

[
e
− T

σ2
0

U2
]
E
[
e
− T

σ2
0

V 2
]
,

=
e
−

Tµ2
U

σ2
0(1+2Tσ2

U
/σ2

0)√
1 + 2Tσ2

U/σ
2
0

∫ ∞

0

e
− T

σ2
0

v2 1

β
e
− v

β dv,

=
1√

1 + 2Tσ2
U/σ

2
0

×

e
−

Tµ2
U

σ2
0(1+2Tσ2

U
/σ2

0) σ0

β

√
π

T
e

σ2
0

4β2T

∫ ∞

σ0
β
√

2T

1√
2π
e−y

2/2dy. (97)

APPENDIX I

In the case when ∆ = µ2
S̃
− σ2

S̃
2
< 0, we can model S̃ = U2+V 2,

where U ∼ N (µU , σ
2
U ) and V ∼ Exp(β). To this end, we can

write µS̃ = E[U2] + E[V 2] = µ2
U + σ2

U + 2β2. Similarly, E[S̃2] =
3σ4

U + 6σ2
Uµ

2
U + µ4

U + 24β4 + 4(σ2
U + µ2

U )β
2, which results in

σ2
S̃
= 2σ4

U + 4σ2
Uµ

2
U + 20β4. From these, we obtain

σ2
U = µS̃ − 2β2 + σ ±

√
(µS̃ − 2β2)2 − (σ2

S̃
− 20β4)/2. (98)

For this variance to be non-negative, we need 14β4 − 4µSβ
2 +

∆ ≥ 0. The acceptable solution to this can be written as β2 ≥
µ
S̃
7

(
1 +

√
1 + 7|∆|

2µ2
S̃

)
= β2

min and we use the minimum possible

value of β in our solution. As a result of using βmin, we get µU = 0

and σ2
U = µS̃

(
1− 2

7

(
1 +

√
1 + 7|∆|

2µ2
S̃

))
.

APPENDIX J
The function Q(i, j) is defined as

Q(i, j) =

∫ π/4

0

sin2i θ cos2j θ

(1 + sin2 θ)i+j+1
dθ,

=

∫ π/4

0

tan2i θ sec2 θ

(1 + 2 tan2 θ)i+j+1
dθ, (99)

Using the substitution
√
2 tan θ = tanψ, we get

Q(i, j) =

∫ tan−1 √
2

0

(
tanψ√

2

)2i
sec2 ψ√

2

(1 + tan2 ψ)i+j+1
dψ,

=
1

2i+
1
2

∫ tan−1 √
2

0

tan2i ψ
cos2(i+j+1) ψ

cos2 ψ
dψ,

=
1

2i+
1
2

∫ tan−1 √
2

0

sin2i ψ cos2j ψdψ,

=
1

2i+
1
2

i∑
m=0

(−1)m
(
i

m

)∫ tan−1 √
2

0

cos2(j+m) ψ dψ,

=
1

2i+
1
2

i∑
m=0

(
i

m

)
(−1)m

4m+j
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√
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2
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√
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where we leverage the result
∫ θ0
0

cos2n θdθ =
1
4n

((
2n
n

)
θ0 + 2

∑n
r=1

(
2n
n−r

) sin(2rθ0)
r

)
with n = m+ j. Finally,

sin(2k tan−1
√
2) = Im{ei2k tan−1 √

2},
= Im{(cos(tan−1

√
2) + i sin(tan−1

√
2))2k},

= Im

{
2k∑
r=0

(
2k

r

)
ir sinr(tan−1

√
2) cos2k−r(tan−1

√
2)

}
,

=

k−1∑
l=0

(−1)l
(

2k

2l + 1

)
2l+

1
2

3k
. (101)
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